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Chapter 1 


Functions 


In this chapter we review the basic concepts of functions, polynomial func- 
tions, rational functions, trigonometric functions, logarithmic functions, ex- 
ponential functions, hyperbolic functions, algebra of functions, composition 
of functions and inverses of functions. 


1.1 The Concept of a Function 


Basically, a function f relates each element x of a set, say Dy, with exactly 
one element y of another set, say Rf. We say that Dy is the domain of f and 
Ry is the range of f and express the relationship by the equation y = f(z). 
It is customary to say that the symbol z is an independent variable and the 
symbol y is the dependent variable. 


Example 1.1.1 Let D; = {a,b,c}, Ry = {1,2,3} and f(a) = 1, f(b) = 2 
and f(c) — 3. Sketch the graph of f. 


graph 


Example 1.1.2 Sketch the graph of f(x) = |x|. 
Let D, be the set of all real numbers and Ry be the set of all non-negative 
real numbers. For each z in Dy, let y= |z| in Ry. In this case, f(x) = |z], 
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the absolute value of z. Recall that 


gie l z ifz>0 
=x ifz<0 
We note that f(0) = 0, f(1) = 1 and f(—1) = 1. 

If the domain De and the range Ry of a function f are both subsets 
of the set of all real numbers, then the graph of f is the set of all ordered 
pairs (x, f(x)) such that x is in Dy. This graph may be sketched in the xy- 
coordinate plane, using y — f(x). The graph of the absolute value function 
in Example 2 is sketched as follows: 


graph 


Example 1.1.3 Sketch the graph of 


In order that the range of f contain real numbers only, we must impose 
the restriction that z > 4. Thus, the domain De contains the set of all real 
numbers z such that z > 4. The range Ry will consist of all real numbers y 
such that y > 0. The graph of f is sketched below. 


graph 


Example 1.1.4 A useful function in engineering is the unit step function, 


u, defined as follows: 
( 0 ifz<0 
u(z) = 


1 ifr>0 


The graph of u(x) has an upward jump at x = 0. Its graph is given below. 
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graph 


Example 1.1.5 Sketch the graph of 


It is clear that Dy; consists of all real numbers x 4 +2. The graph of f is 
given below. 


graph 


We observe several things about the graph of this function. First of all, 
the graph has three distinct pieces, separated by the dotted vertical lines 
x= —2 and x = 2. These vertical lines, x = +2, are called the vertical 
asymptotes. Secondly, for large positive and negative values of z, f(x) tends 
to zero. For this reason, the x-axis, with equation y = 0, is called a horizontal 
asymptote. 

Let f be a function whose domain D; and range Ry are sets of real 
numbers. Then f is said to be even if f(x) = f(—x) for all x in Dy. And 
f is said to be odd if f(—x) = —f(x) for all x in Dy. Also, f is said to be 
one-to-one if f(11) = f(x2) implies that zı = 22. 


Example 1.1.6 Sketch the graph of f(x) = z* — z?. 
This function f is even because for all z we have 


jem (3 (aa cf) 


The graph of f is symmetric to the y-axis because (z, f(x)) and (—x, f(x)) are 
on the graph for every x. The graph of an even function is always symmetric 
to the y-axis. The graph of f is given below. 


graph 
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This function f is not one-to-one because f(—1) = f(1). 
Example 1.1.7 Sketch the graph of g(x) = x? — 32. 
The function g is an odd function because for each x, 
g(—x) = (~x)? — 3(—x) = —2° + 32 = —(z3? — 3x) = —g(z). 


The graph of this function g is symmetric to the origin because (z, g(x)) 
and (—x, —g(z)) are on the graph for all x. The graph of an odd function is 
always symmetric to the origin. 'The graph of g is given below. 


graph 


This function g is not one-to-one because g(0) = ot /3) = g(— 3). 
It can be shown that every function f can be written as the sum of an 
even function and an odd function. Let 


gf) = 5 (F6) + f(—2)), hla) = 5) - (729) 
Then, 
4-2) = 5(F(-2) + /(0)) = gla) 
h(a) = 5(f(-2) — f()) = —h(a). 
Furthermore 


f(x) = g(x) + hz). 


Example 1.1.8 Express f as the sum of an even function and an odd func- 
tion, where, 
f(x) = zf — 225 a? — 5x +7. 


We define 
gla) = 5G) + /(-0)) 
= 5 — 20° + 2? — 50 E 7) + (z* + 2a? + x? + 5a + 7)) 


SE +2 +7 


6 CHAPTER 1. FUNCTIONS 


and 
hle) = (10) — [(-0)) 
z= i — 20° + 0? — 52 4 7) bei -2z* + x° + 5a + 7)) 
= — 24 — 52. 


Then clearly g(x) is even and biz) is odd. 
s(-xi5 (En FC +7 
=g LS +7 
= g(x) 
h(—x) = — 2(—x)? — 5(—z) 
= 2r? + 5x 
= —h(x). 
We note that 
g(x) + h(x) = (x* + x^ +7) + (—2a* — 5x) 
= zf — 2r? E a? — 5r +7 
= f(x). 
It is not always easy to tell whether a function is one-to-one. The graph- 
ical test is that if no horizontal line crosses the graph of f more than once, 


then f is one-to-one. To show that f is one-to-one mathematically, we need 
to show that f(x1) = Tirol implies zı = 22. 


Example 1.1.9 Show that f(x) = a? is a one-to-one function. 
Suppose that f(x,) = f(x2). Then 


ee ome 
0 = ri- 13 


= (£1 — z3)(x1 + 1112 + 22) (By factoring) 
If z; Æ 22, then z) + 2122 + x2 = 0 and 
2 


—12 + y x2 — 4x? 
11 = 2 


—12 + y Aë 
> 
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This is only possible if xı is not a real number. This contradiction proves 
that f(x1) 4 f(x£2) if x1 A x2 and, hence, f is one-to-one. The graph of f is 
given below. 


graph 


If a function f with domain De and range Ry; is one-to-one, then f has a 
unique inverse function g with domain Ry and range D, such that for each 
x in D, 

g(f(x)) =z 
and for such y in Ry, 
f(g(y)) = v. 


This function g is also written as f~t. It is not always easy to express g 
explicitly but the following algorithm helps in computing g. 


Step 1 Solve the equation y = f(x) for x in terms of y and make sure that there 


exists exactly one solution for z. 


Step 2 Write x — g(y), where g(y) is the unique solution obtained in Step 1. 


Step 3 If it is desirable to have x represent the independent variable and y 


represent the dependent variable, then exchange x and y in Step 2 and 
write 


y = g(x). 


Remark 1 If y = f(x) and y = g(x) = f~'(x) are graphed on the same 
coordinate axes, then the graph of y = g(x) is a mirror image of the graph 
of y = f(x) through the line y = z. 


Example 1.1.10 Determine the inverse of f(x) = z?. 


We already know from Example 9 that f is one-to-one and, hence, it has 
a unique inverse. We use the above algorithm to compute g = f7?. 


Step 1 We solve y = a? for x and get z = y!/?, which is the unique solution. 
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Step 2 Then gly) = y!/? and g(x) = x! = f(x). 


Step 3 We plot y= a? and y = x!/? on the same coordinate axis and compare 
their graphs. 


graph 


A polynomial function p of degree n has the general form 
p(x) = aox” + TEE GE E az + dp, 00. 


The polynomial functions are some of the simplest functions to compute. 
For this reason, in calculus we approximate other functions with polynomial 
functions. 

A rational function r has the form 


where p(x) and q(x) are polynomial functions. We will assume that p(x) and 
q(x) have no common non-constant factors. Then the domain of r(x) is the 
set of all real numbers z such that q(x) 4 0. 


Exercises 1.1 

1. Define each of the following in your own words. 
(a 
(b 


is a function with domain Dy and range Ry 


is an odd function 


f 
f is an even function 
c) f 


( 
(d) The graph of f is symmetric to the y-axis 


e) The graph of f is symmetric to the origin. 


) 
) 
) 
) 
(e) 
(f) The function f is one-to-one and has inverse g. 
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Determine the domains of the following functions 


2 


(a) f(x) =F (b) fl) = 5 — 
(c) fle) = viz -9 (4) f(a) = — 


Sketch the graphs of the following functions and determine whether they 
are even, odd or one-to-one. If they are one-to-one, compute their in- 
verses and plot their inverses on the same set of axes as the functions. 


(a) f(x) 222-1 (b) g(z) = 2° —1 

(c) h(x) = /9—z,x 29 (d) k(x) = z?’ 

If Tir, 91), (22,Y2),... , (@n41, Yn+1)} is a list of discrete data points in 
the plane, then there exists a unique nth degree polynomial that goes 


through all of them. Joseph Lagrange found a simple way to express this 
polynomial, called the Lagrange polynomial. 


For n — 2, Biz) = (2) | EH 
X1 — T2 Ta — Tı 


(r—z2)r—2z3) | 
(zi — 29) (21 — 23) VER (za — 11)(T2 — 23) 


For n = 3, Pim = y 


(x — 21) (u — 12) 
13 — z3)(23 = £2) 


BSA 


(x — £2)(x — 13) (2 — 24) (z —zi)(z — 23) (xr — Za) 


P,(z) =Y1 


F y» 


(z1 — z2)(z1 — za)(x1 — 14) (12 — 21) (12 — za)(xa — 14) 


(c — zi)(z — 12)(1 — 23) 
(24 — 11)(T4 — 22) (£4 — 23) 


(x — zi)(z — 12)(1 — 14) 
v3 — mu Jr = 22) (23 = 24) 


SC 


Consider the data ((—2, 1), (—1, —2), (0,0), (1, 1), (2,3)}. Compute P»(z), 
P(x), and P4(x); plot them and determine which data points they go 
through. What can you say about P,(x)? 
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5. A linear function has the form y = mz +b. The number m is called 
the slope and the number b is called the y-intercept. The graph of this 
function goes through the point (0,5) on the y-axis. In each of the 
following determine the slope, y-intercept and sketch the graph of the 
given linear function: 


a) y —3r—65 b) y=—2r +4 c) y=4r-3 


d) y=4 e) 2y + 5x = 10 


6. A quadratic function has the form y = az? + bx + c, where a 4 0. On 
completing the square, this function can be expressed in the form 


E NRA _ P-ta 
bd Te E 4a? 


b b — 4 
The graph of this function is a parabola with vertex (-3 = £) 
a 


4a 
—b 
and line of symmetry axis being the vertical line with equation r — EP 


a 
The graph opens upward if a > 0 and downwards if a « 0. In each of 
the following quadratic functions, determine the vertex, symmetry axis 
and sketch the graph. 


a) y —42?7 —8 b) y = —4r? + 16 c) y=? 4r +5 
d) y =x? —6r+8 e) y=- RTE f) y = 22? — 6x + 12 
g) y=-22?—62+5 h) y= —2x*+6x +10 i) 3y+62?+10=0 


j y=-r +4r+6 k) y— —2? +42 l) y = 4r? — 16x 


7. Sketch the graph of the linear function defined by each linear equation 
and determine the x-intercept and y-intercept if any. 


a) 945—993 b) 27— y= 10 c) z =4-— 2y 


1.1. 


10. 
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d) 4x — 3y = 12 e) 3r + 4y = 12 f) 41 + 6y = —12 
g) 26=3y=6 h) 2r+3y=12 i) 3x 5y = 15 
Sketch the graph of each of the following functions: 


a) y — Alc b) y= —4lz| 
c) y —2|z| + la — 1| d) y = 3la| + 2a — 2| — 4|x + 3| 


e y = 2|x + 2| — 3 +1] 


Sketch the graph of each of the following piecewise functions. 


2 ifz>0 x? for z < 0 
T = E " 


—2 ifz<0 2x+4 forx>0 
Az? ifz>0 d) 3x? fórz< I 
C = == 
4 333 z<0 S H forz 1 


e)y=n-1forn-1<zx<mn, for each integer n. 


f) y=n for n—1< x € n for each integer n. 


The reflection of the graph of y = f(x) is the graph of y = —f(x). In 
each of the following, sketch the graph of f and the graph of its reflection 
on the same axis. 


c) y= |z| 


d) y =x’ — Ar e) y= — 2x f) y= |z| 4 |v — 1| 


2+1 ores 
= zt — 4g? h = 32 —6 i sza = 
e) 4 d d SE fe <0 
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11. The graph of y — f(x) is said to be 


(i) Symmetric with respect to the y-axis if (x,y) and (—x,y) are both 
on the graph of f; 


(ii) Symmetric with respect to the origin if (x, y) and (—x,—y) are both 
on the graph of f. 


For the functions in problems 10 a) — 10 i), determine the functions whose 
graphs are (i) Symmetric with respect to y-axis or (ii) Symmetric with 
respect to the origin. 


12. Discuss the symmetry of the graph of each function and determine whether 
the function is even, odd, or neither. 


a) f(£)=xf+1 b) f(x)=xz* — 3r? +4 c) == 

d) Dei Zeie — e) f(a) = (s 1) f) f(x) = (x4 1) 
g) fu) 2 va? 4 h) f(x) — Aalt? i) f(z)- (x1? 
Vi@=T De) ) f(x) = an 


1.2 Trigonometric Functions 


The trigonometric functions are defined by the points (z, y) on the unit circle 
with the equation x? + y? = 1. 


graph 


Consider the points A(0,0), B(x,0), C(z, y) where C(x, y) is a point on 
the unit circle. Let 0, read theta, represent the length of the arc joining 
the points D(1,0) and C(z,y). This length is the radian measure of the 
angle CAB. Then we define the following six trigonometric functions of 0 as 
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follows: 
in 0 
sin 0 = —,cos@ = =, tan 0 = Mus ia 
xz  cosó 
1 1 
tots EE 
y sind tX  cosó y  tanó 


Since each revolution of the circle has arc length 27,sin@ and cos@ have 
period 27. That is, 


sin(0 + 2nn) = sinó and cos(0 + 2nz) = cos0, n = 0, +1, £2,... 


The function values of some of the common arguments are given below: 


0 |0| 7/6 | 7/4 | 7/3 | 1/2. 2n/3 | 37/4 57/6 | 
sin d 1/2 | v2/2|v3/2| 1 |v3/2| v2/2 1/2 |0 
cos@ | 1 v3/2|v2/2| 1/2 | 0 | -1/2 | -v2/2|-v3/2|-1 
0 Tn/6 57/4 4m/3 |3m/2| 52/3 Tn/4 |117/6 | 27 
sing | —1/2 | =V2/2 | —/3/2| —1 |=v3/2 —V2/2  —1/2 | 0 
cos8 | —/3/2 | —v2/2| —1/2 | 0 1/2 /2/2 | J3/2| 1 


A function f is said to have period p if p is the smallest positive number 
such that, for all x, 


Tg +np) = f(x), n = 0,1, 2,.... 


Since csc is the reciprocal of sin and sec @ is the reciprocal of cos(0), their 
periods are also 27. That is, 


csc(0 + 2nq) = csc(6) and sec(0 + 2nn) = sec0, n = 0, £1, +2,.... 
It turns out that tan 9 and cot 0 have period r. That is, 
tan(0 + nn) = tan and cot(0 + nm) =cotó, n=0,+1,+2,.... 


Geometrically, it is easy to see that cos 0 and sec 0 are the only even trigono- 
metric functions. The functions sin 0, cos 0, tan and cot d are all odd func- 


tions. The functions sin and cos@ are defined for all real numbers. The 
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functions csc 0 and cot 0 are not defined for integer multiples of 7, and sec 0 
and tan 0 are not defined for odd integer multiples of 7/2. The graphs of the 
six trigonometric functions are sketched as follows: 


graph 


The dotted vertical lines represent the vertical asymptotes. 


There are many useful trigonometric identities and reduction formulas. 
For future reference, these are listed here. 


sin? @ + cos? 0 = 1 sin? 0 = 1 — cos? 0 cos? 0 = 1 — sin? 0 
tan?0 + 1 = sec? 0 tan? 6 = sec? 0 — 1 sec? 0 — tan? 0 = 1 
1 + cot? 0 = csc? 0 cot? @ = csc? 0 — 1 esc? O — cot? 0 = 1 
sin 20 = 2 sin 0 cos 0 cos 26 = 2 cos? 0 — 1 cos 20 = 1 + 2sin?0 


sin(z + y) = sin z cosy +coszsiny, cos(x + y) = coszcosy —sinzsiny 
sin(x — y) = sin z cosy —coszsiny, cos(x — y) = cos x cos y + sin x sin y 


tan x + tany tan x — tan y 


tan(x + y) = 


tan(r — y) = 


— l-tanztany 
sin a + sin 8 = 2sin (£) cos (=£) 
sin a — sin 3 = 2 cos AR sin wa 

2 2 
o p 
cos 
2 


cos a — cos 6 = —2 sin (23 ) sin (=£) 


1 — tan zx tan y 


a 


cos a + cos = 2cos c 
B 
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1 
sin 1 cosy = 5 (sin(w + y) + sin(z — y)) 
: Iss 
cos xz sin y = 5 (sin(x + y) —sin(x — y)) 


1 
COS £ COS Y = 5 (cosa — y) + cos(x + y)) 


sin z sin y = 5 (cos(x — y) — cos(x + y)) 
sin(z +0) = Fsin0 

cos(a + 0) = — cos0 

tan(r + 0) = +tand 

cot(z + 6) = +c0t 0 

sec(z +0) = — sec 


csc(r +0) = Fescé 


In applications of calculus to engineering problems, the graphs ofy = 
A sin(bx + c) and y = Acos(bx + c) play a significant role. The first problem 
has to do with converting expressions of the form A sin bx + B cos bx to one 
of the above forms. Let us begin first with an example. 


Example 1.2.1 Express y = 3sin(2x) —4cos(2x) in the form y = Asin(2x 
0) or y= Acos(2x + 0). 

First of all, we make a right triangle with sides of length 3 and 4 and 
compute the length of the hypotenuse, which is 5. We label one of the acute 
angles as 0 and compute sin 0, cos and tan 0. In our case, 


3 4 3 
sin = z , cosh = z „and, tanó = 7. 


graph 
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Then, 


y = sin 2x — 4 cos 2x 


=8 (sn) G) u (os(22))| 


= 5[sin(2x) sin 0 — cos(2x) cos 6] 
= —5|cos(2x) cos 0 — sin(2x) sin 6] 
= —5[cos(2x + 0)] 


Thus, the problem is reduced to sketching a cosine function, ??? 
y = —5cos(2x +0). 


We can compute the radian measure of 0 from any of the equations 
3 


3 4 
sin O = p cos Ü = — or tan0 = -. 


9 4 


Example 1.2.2 Sketch the graph of y = 5cos(2x + 1). 

In order to sketch the graph, we first compute all of the zeros, relative 
maxima, and relative minima. We can see that the maximum values will be 
5 and minimum values are —5. For this reason the number 5 is called the 
amplitude of the graph. We know that the cosine function has zeros at odd 
integer multiples of 7/2. Let 
m 1 
Ee 
The max and min values of a cosine function occur halfway between the 
consecutive zeros. With this information, we are able to sketch the graph of 


2, 1— (2n + 17, ©, = (2n +1) mx EL ES... 


1 
the given function. The period is 7, phase shift is 5 and frequency is —. 
T 
graph 


For the functions of the form y = Asin(wt + d) or y = Acos(wt + d) we 
make the following definitions: 
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| 2m W 
period = —, frequency = — = —, 
wW period 2r 
: d 
amplitude = |A|, and phase shift = —. 
W 


The motion of a particle that follows the curves Asin(wt Ed) or A cos(wt Ed) 
is called simple harmonic motion. 


Exercises 1.2 


1. 


Determine the amplitude, frequency, period and phase shift for each of 
the following functions. Sketch their graphs. 


(a) y = 2sin(3t — 2) (b) y = —2 cos(2t — 1) 
(c) y = 3sin 2t + 4 cos 2t (d) y = 4sin 2t — 3 cos 2t 
(e) sin z 
e = 

S x 


Sketch the graphs of each of the following: 


(a) y =tan(3x) (b) y = cot(5x) (c) y = zsing 
(d) y =sin(1/x) (e) y= zsin(1/z) 


Express the following products as the sum or difference of functions. 


(a) sin(3r)cos(5x) (b) cos(2x)cos(4r) (c) cos(2x) sin(4x) 
(d) sin(3x)sin(5x) (e) sin(4x) cos(4x) 


Express each of the following as a product of functions: 


(a) sin(x --h) —sinz (b) cos(x + h) —cosz (c) sin(5x) — sin(3x) 
(d) cos(4x) — cos(2x) (e) sin(4x) +sin(2x) (£f) cos(5x) + cos(3z) 
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Compute the fourth degree Lagrange Polynomial that approximates and 
agrees with y — sin z at these data points. This polynomial has the form 


(© — za)(x — allt — xa)(x — v5) 


di E (£1 — 22) (01 — za)(xi — 24) (11 — 15) 
(x —zi)(z — 23)(x — 24) (1 — T5) 

V2 (xa — ©1) (a — ©3)(22 — va) (22 — 25) 
e (x — £1)(@ — te)(1 — za)(x — 14) 

| i (£5 — 11) (£5 — 02) (15 — 23)(15 — 14) 


6. Sketch the graphs of the following functions and compute the amplitude, 
period, frequency and phase shift, as applicable. 


a) y=3sint b) y — 4cost c) y — 2sin(3t) 

d) y = —4cos(2t) e) y = —3sin(4t) f) y =2sin (t + £) 
g) y — —2sin(t— 3) h) y= 3cos(2t + m) i) y = —3cos(2t — r) 
j) y = 2sin(4t + 7) k) y =-—2cos(6t— r) 1) y=3sin(6t + 7) 


7. Sketch the graphs of the following functions over two periods. 


a) y =2seczx b) y = —3tanz c) y tot 
d) y = 3 csc z e) y=tan(Tz) f) y = tan (2x +3) 
g) y=2cot(3x +35) h) y = 3sec (2a + 7) i) y = 2sin (ra + 5) 


8. Prove each of the following identities: 
a) cos3t = 3cost + 4cos?t b) sin(3t) = 3sinz — 4sin?x 


"E 3 
sin? t — cos" t 

c) sin*t — cos*t = — cos 2t d) — = 1 + sin 2t 
sint — cost 


sin(r +y) tana+tany 
sin(r—y)  tanz-— tan y 


e) cos 4tcos t — sin 7t sin 4t = cosllt f) 
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9. If f(x) = cosg, prove that 


fh) f) _ ER -— ES | 


10. If f(x) = sin z, prove that 


fz + h) — fu) _ T» (US d Se (=) 


h 


11. If f(x) = cosx, prove that 


CIAO ES E 3 RE El = 2 | 


xt 


12. If f(x) = sin z, prove that 


LO = sine (EO) | es (082). 


x—t x—t 


13. Prove that 


1 — tan? t 

2t) = ———_._.. 

PE 1+tan?t 

a 2 
14. Prove that if y — tan (5): then 
(a) osz = 1% (b) sine = —" 
= E 1n = 

a) cos z i. sin z inu? 


1.3 Inverse Trigonometric Functions 


None of the trigonometric functions are one-to-one since they are periodic. 
In order to define inverses, it is customary to restrict the domains in which 
the functions are one-to-one as follows. 
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e T To. 
y —sinz, —— € x € —, is one-to-one and covers the range —1 < y < 1. 
Its inverse function is denoted arcsin z, and we define y = arcsin z, —1 < 


x <1, if and only if, z = sin y, -5 <y< i 


graph 


y = cosx, 0 € z < m, is one-to-one and covers the range —1 < y < 1. Its 
inverse function is denoted arccos x, and we define y = arccosz, —1 < 
x <1, if and only if, y = cosy, 0€ y € m. 


graph 


T T. 

y — tanz, ECH < T< 2 is one-to-one and covers the range —oo « 

y < oo Its inverse function is denoted arctanz, and we define y = 
—T 


; T 
arctan z, —oo < x < oo, if and only if, x = tan y, E <y< 3 


graph 


y = cot z, 0, x < 7, is one-to-one and covers the range —oo < y < oo. Its 
inverse function is denoted arccot x, and we define y = arccot z, —oo < 
£ < œ, if and only if x = coty, O< y-«m 


graph 
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5. 


T T : 
y=secz, 0X xy € —or = < x € m is one-to-one and covers the range 


—oo < y € —lor 1 € y < oo. Its inverse function is denoted arcsec z, 
and we define y = arcsec z, —oo < x € —lorl < z < oo, if and only 


: TW. UT 
if, x = sec y, USg € OS RYŻ” 


graph 


T Jii rs 
y = cscs, —<x<0o0<x< 3° is one-to-one and covers the 


range —oo < y € —l or 1 € y < oo. Its inverse is denoted arccsc z and 
we define y = arccscz, —oo < x € —1 or 1 € x < oo, if and only if, 


—T T 
£ =CSCY, 9 SW WANY S 


Example 1.3.1 Show that each of the following equations is valid. 


à; T 

(a) arcsin x + arccos z = D 
T 

(b) arctan x + arccot 1 = > 
T 

(c) arcsec x + arccsc z = 3 


To verify equation (a), we let arcsin z = 0. 
graph 


Then z = sin 0 and cos (5 = 9) = x, as shown in the triangle. It follows 


that 


T T : 
37 0 = arccos z, 5 = 0 + arccos x = arcsin x + arccos d. 


The equations in parts (b) and (c) are verified in a similar way. 
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Example 1.3.2 If 0 = arcsinx, then compute cos 0, tan 0, cot 0, secÓ and 
csc 0. 


If 0 is > 0, or E then computations are easy. 


graph 


Suppose that B ex op ea i Then, from the triangle, we get 
JE 
cos = y/1—z?, tanó = EE cot 0 = Noe 2, 
E d 


1 1 
secó = ————— and csc = —. 
c 


/l=a2 


Example 1.3.3 Make the given substitutions to simplify the given radical 
expression and compute all trigonometric functions of 0. 


(a) V4 — z?, z = 2sin0 (b) Vx? — 9, x = 3sec 0 


(c) (4+ 12, x = 2tan6 


(a) For part (a), sind = 5 and we use the given triangle: 


graph 
Then 
V4 — x? x V4 — x? 
cos 0 = TONES 4 BE cot 0 = == ra a 2 
2 2 
0 = ——— 0 —-—. 
sec da csc m 


Furthermore, V4 — x? = 2cos0 and the radical sign is eliminated. 
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(b) For part (b), sec0 — 5 and we use the given triangle: 
graph 


Then, 


cot 0 = , csc = 
2—9 


c — c —9 
Furthermore, Vx? — 9 = 3tan@ and the radical sign is eliminated. 


(c) For part (c), tan 0 = 5 and we use the given triangle: 


graph 
Then, 
2 
sin O = 2 , cos = , coth = =, 
$5 xr? + c 
Vr? +4 244 
sec 9 = , csc = 


2 E 
Furthermore, Vx? + 4 = 2sec0 and hence 


(4 + a) = (2sec 0)? = 8sec? 0. 
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Remark 2 The three substitutions given in Example 15 are very useful in 
calculus. In general, we use the following substitutions for the given radicals: 


(a) Va? — z?, x =asind (b) yz? — a?, z = asec0 
(c) Va? + 22, x =atand. 


Exercises 1.3 


1. Evaluate each of the following: 


(a) 3arcsin (5) A B 


Mac (=) TE (=) 


2 
(c) 2arcsec (—2) + 3 arccos (-5) 


V3 


(d) cos(2 arccos(x)) 


(e) sin(2 arccos(x)) 


2. Simplify each of the following expressions by eliminating the radical by 
using an appropriate trigonometric substitution. 


(a) xf (b) Str (c) BE 
V9 — x? V 16 + x? zyc? — 25 
l+zx 2— 2r 


(a) 


5 (e) 73 
Va +2c+2 Vi — 21 —3 


(Hint: In parts (d) and (e), complete squares first.) 


3. Some famous polynomials are the so-called Chebyshev polynomials, de- 
fined by 


Tle) = cos(n arccos x), —1 < x < 1, n 9042.35 
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(a) Prove the recurrence relation for Chebyshev polynomials: 


Til = 2xT,(x) — T4 1(x) for each n > 1. 


(b) Show that To(x) = 1, Til = x and generate T»(x), T3(x), T4(x) and 
T5(x) using the recurrence relation in part (a). 

(c) Determine the zeros of T,(r) and determine where T,(x) has its 
absolute maximum or minimum values, n — 1,2,3,4, ?. 
(Hint: Let 0 = arccos z, z = cos0. Then T4,(x) = cos(n0), Tayı (1) = 
cos(nó + 0), T, 1(x) = cos(n0 — 0). Use the expansion formulas and 
then make substitutions in part (a)). 


4. Show that for all integers m and n, 


TATE) = 5 [Emen(2) + Tee 


(Hint: use the expansion formulas as in problem 3.) 


5. Find the exact value of y in each of the following 


a) y = arccos (—3) b) y — arcsin (4) c) y — arctan(— V3) 
d) y = arccot (-£) e) y = arcsec(—v2) f) y = arccsc (— v2) 
g) y =arcsec (- à) h) y — arccsc (-4) i) y = arcsec (—2) 

j) y = arccsc (—2) k) y=arctan (3 1) y = arccot (— 3) 


6. Solve the following equations for x in radians (all possible answers). 
a) 2sinf z = sin” z b) 2cos? z — cosx — 1 = 0 


c) sin?x+2sinz+1=0 d) 4sin?r+4sinz+1=0 
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e) 2sin?r--5sinr-c2—0 f) cot? z — 3cots = 0 
g) sin 2r = cos zx h) cos2x = cosz 
i) cos? (=) = COST j) tanx+cotx=1 


T. If arctant = z, compute sing, cosz, tang, cotx, secx and cscz in 
terms of t. 


8. Ifarcsint = z, compute sin z, cos x, tanx, cot x, sec x and csc z in terms 
of t. 


9. If arcsect = x, compute sing, cosg, tang, cotx, secx and cscx in 
terms of t. 


10. If arccost = x, compute sing, cosx, tang, cotz, secx and cscz in 
terms of t. 


Remark 3 Chebyshev polynomials are used extensively in approximating 
functions due to their properties that minimize errors. These polynomials 
are called equal ripple polynomials, since their maxima and minima alternate 
between 1 and —1. 


1.4 Logarithmic, Exponential and Hyperbolic 
Functions 


Most logarithmic tables have tables for log,) xz, log, x,e” and e * because 
of their universal applications to scientific problems. The key relationship 
between logarithmic functions and exponential functions, using the same 
base, is that each one is an inverse of the other. For example, for base 10, 
we have 

N = 10° if and only if z = logy) N. 


We get two very interesting relations, namely 


z = log;g(10%) and N = 1005109), 
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For base e, we get 
a = log,(e”) and y = ee), 


If b > 0 and b Z 1, then b is an admissible base for a logarithm. For such an 
admissible base b, we get 


a = log, (b^) and y = b(9& 9, 


The Logarithmic function with base b, b > 0, b Æ 1, satisfies the following 
important properties: 
1. log,(b) = 1, log,(1) = 0, and log,(b”) = x for all real z. 


( 
2. log,(1y) = log, 1 +log, y, x >0,y>0. 
3. log,(1/y) = log, x — log, y, x > 0,y > 0. 
( 


4. log,(z") = ylog, 1, z > 0,14 1, for all real y. 

5. (log, z)(log, b) = log, xb > 0,a > 0,64 1,a # 1. Note that log, x = 
log, x 
log, b` 


This last equation (5) allows us to compute logarithms with respect to 
any base b in terms of logarithms in a given base a. 

The corresponding laws of exponents with respect to an admissible base 
b,b > 0,b Æ 1 are as follows: 


1. b —1, b! = b, and b(le& 2) — x for x > 0. 


2. b” x b” exe 


b* 
— bry 
3. dm b 
4. (er = p 


Notation: If b — e, then we will express 
log,(1) as In(x) or log(z). 


The notation exp(x) — e* can be used when confusion may arise. 
The graph of y = loga and y = e” are reflections of each other through 
the line y = z. 
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graph 


In applications of calculus to science and engineering, the following six 


functions, called hyperbolic functions, are very useful. 


L. 


1 
sinh(x) = (e* — e 7) for all real x, read as hyperbolic sine of x. 


1 
cosh(1) = = (e* +e ”), for all real x, read as hyperbolic cosine of x. 
2 


x —1 


A " 
tanh(r) = EEG m dian: , for all real x, read as hyperbolic tangent 
cosh(r) erte? 


of x. 


h x =U, 
coth(g) = SE (z) e , « £0, read as hyperbolic cotangent of x. 
sinh(x) e*—e-* 


1 2 
sech (1) = = , for all real x, read as hyperbolic secant of 
= cosha e*+e* 
1 2 
csch (x) = — = , « £0, read as hyperbolic cosecant of z. 
sinh(x)  e*—e-* 


The graphs of these functions are sketched as follows: 


graph 


Example 1.4.1 Eliminate quotients and exponents in the following equa- 
tion by taking the natural logarithm of both sides. 


(x +1) (2x — 3)3⁄4 
(1 + 7x)! (2x + 3)3/2 
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(x + 1)? (2x — 33 
(1+ 72)1/3(2x + 3392 
= In[(z + 1)?(2z — 334] — In[(1 + 7z)!(2z + 332] 
= In(z + 1)? + In(2z — 39% — {In(1 + 7z)!/? + In(2z + 37 


In(y) = In 


1 3 
= 3ln(z + 1) + : In(2x — 3) — 3 In(1 + 7x) — 2 In(2x + 3) 


Example 1.4.2 Solve the following equation for z: 
log4(z*) + log, z? — 2log; r"? = 5. 
Using logarithm properties, we get 


4log; x + 3log, x — log; x = 5 


6log; x = 5 
, 5 
083% = g 
pias 


Example 1.4.3 Solve the following equation for z: 


e” SE! 


l4er 3 
On multiplying through, we get 


1 
3e" = 1 + e” or 2e” =1,e* =5 


x = ln(1/2) = — ln(2). 
Example 1.4.4 Prove that for all real z, cosh?r — sinh? x = 1. 


i E i 
cosh? x — sinh? z = ES + Si — ES — e 
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Example 1.4.5 Prove that 
(a) sinh(z + y) = sinh z cosh y + cosh z sinh y. 


(b) sinh 2x = 2sinh z cosh y. 


Equation (b) follows from equation (a) by letting z = y. So, we work 
with equation (a). 


1 1 
(a) sinhzcosh y + cosh z sinh y = AG —e 7”). ie Lei 


= sinh(z + y). 


Example 1.4.6 Find the inverses of the following functions: 


(a) sinhx (b) cosh z (c) tanh z 
l 1 = 
(a) Let y = sinh z = (€ —e ”). Then 
x x 1 x —c 2x 
Ag = 2e 9 (€ —e*)| =e"-1 


e" — ye —1=0 
(e — Dier —1=0 


2y + 4/4y2 +4 
e. y > =y+yy2+1 


Since e” > 0 for all z, e” =y+ y 1 +y?. 
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On taking natural logarithms of both sides, we get 


x =1In(y + y 1 + y?). 


The inverse function of sinh x, denoted arcsinh x, is defined by 


arcsinh x = In(z + V1 + 2?) 


(b) As in part (a), we let y = cosh z and 


1 
2e^y = 2e” - (€ +e7)=e”+1 
e” — (2y) +1= 0 


b 2y + /4y? —4 
i 2 
e = yty- l. 


We observe that cosh x is an even function and hence it is not one-to- 
one. Since cosh(—x) = cosh(x), we will solve for the larger z. On taking 
natural logarithms of both sides, we get 


zı = In(y + yy? — 1) or z = In(y — Vy? — 1). 


We observe that 


19 = In(y — Fon A 
yt y -1 
(wz) 
=ln| ——————— 
y+vyy -1 


Thus, we can define, as the principal branch, 


arccosh z = ln(x + vz? — 1), z21 
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(c) We begin with y — tanh x and clear denominators to get 


ee" 


A : <1 
Ia reps ul 
ee +e "yj=e"|(e—e")] , ly «1 
(e + 1)y =e" — 1 E EI 
e*(y — 1) = -(0 y) , [y «1 
1 
R | +1) + jg ST 
y=1 
1 
e: = c AWA 
l-y 
1 
25 = m (7) 2. CZK 
l-y 
1 ly 
= -ln | — <1. 
z m (152) ly] 


Therefore, the inverse of the function tanh z, denoted arctanh z, is defined 
by 


1 1 
arctanh, x = = ln że 2: de R 
2 [E 


Exercises 1.4 
1. Evaluate each of the following 


(a) log;9(0.001) (b) log,(1/64) (c) In(e0-01) 


(100)1/5(0.01)2^ ** 
(d) logio ( (.0001)2/3 ) 


2. Prove each of the following identities 
(a) sinh(x — y) = sinh z cosh y — cosh z sinh y 


(b) cosh(z + y) = cosh z cosh y + sinh sinh y 
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(c) cosh(x — y) = cosh g cosh y — sinh z sinh y 


(d) cosh 2z = cosh? z + sinh? x = 2cosh?z — 1 = 1 + 2sinh? x 


3. Simplify the radical expression by using the given substitution. 
(a) Va? + 22, x = asinht (b) Vz? — a?, x = acosht 
(c) Va? — z?, x =atanht 

4. Find the inverses of the following functions: 


(a) coth x (b) sech x (c) csch x 
3 ; 
5. Ifcoshx = SÉ find sinh z and tanh x. 


6. Prove that sinh(3t) = 3sinh t + 4sinh?t (Hint: Expand sinh(2t + t).) 


T. Sketch the graph of each of the following functions. 


a) de 107 Bey So c) y= 107 d) eT 
e y-e f) y=e™ g y-ze7 i) ye? 

j) y =sinh z k) y=coshxr 1l) y= baste m) y coth x 
n) y = sech x o) y = csch x 


8. Sketch the graph of each of the following functions. 


a) y = logio Y b) y = log, x c) y=lng d) y = log; x 


e) y=arcsinhe  f) y=arccoshz g) y = arctanh x 


9. Compute the given logarithms in terms log¡¿ 2 and logy, 3. 
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27 20 
a) log; 36 b) logio (5) c) logio (5) 
30 619 
d) logo (600) e) logio (5) f) logio (cs) 


Solve each of the following equations for the independent variable. 


a) nz — In(z + 1) = In(4) b) 2log,o(x — 3) = log,)(z + 5) + logyg 4 


c) logio t? = (logio t)? d) e” —4e* +3=0 


e) e*--6e * —5 f) 2sinhz+coshz = 4 


Chapter 2 


Limits and Continuity 


2.1 Intuitive treatment and definitions 


2.1.1 Introductory Examples 


The concepts of limit and continuity are very closely related. An intuitive 
understanding of these concepts can be obtained through the following ex- 
amples. 


Example 2.1.1 Consider the function f(x) = z? as x tends to 2. 

As r tends to 2 from the right or from the left, f(x) tends to 4. The 
value of f at 2 is 4. The graph of f is in one piece and there are no holes or 
jumps in the graph. We say that f is continuous at 2 because f(x) tends to 
f(2) as x tends to 2. 


graph 


The statement that f(x) tends to 4 as x tends to 2 from the right is 


expressed in symbols as 
lim f(x) =4 


ao2+ 


and is read, “the limit of f(x), as x goes to 2 from the right, equals 4.” 
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The statement that f(x) tends to 4 as x tends to 2 from the left is written 


lim f(x) =4 
Tal 
and is read, “the limit of f(x), as x goes to 2 from the left, equals 4.” 
The statement that f(x) tends to 4 as x tends to 2 either from the right 


or from the left, is written 
lim f(x) =4 


and is read, “the limit of f(x), as x goes to 2, equals 4.” 
The statement that f(x) is continuous at x = 2 is expressed by the 
equation 


lim f(x) = f(2). 


x2 


Example 2.1.2 Consider the unit step function as x tends to 0. 


m Eo ifz<0 
ue) = 4 4 if z > 0. 


graph 


The function, u(x) tends to 1 as x tends to 0 from the right side. So, we 

write 

lim u(x) = 0. 

c—0 
The limit of u(x) as x tends to 0 from the left equals 0. Hence, 

lim u(x) = 0 # u(0). 
Since 

lim u(x) = u(0), 


we say that u(x) is continuous at 0 from the right. Since 


lim u(x) Z u(0), 


x>0- 
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we say that u(x) is not continuous at 0 from the left. In this case the jump 
at 0 is 1 and is defined by 


jump (u(x),0) — lim u(z) — lim u(x) 


eL 


Observe that the graph of u(x) has two pieces that are not joined together. 
Every horizontal line with equation y = c, 0 < c < 1, separates the two 
pieces of the graph without intersecting the graph of u(x). 'This kind of 
jump discontinuity at a point is called “finite jump" discontinuity. 


Example 2.1.3 Consider the signum function, sign(x), defined by 


; x 1 ifx>0 
SL E qut cute 


If x > 0, then sign(z) = 1. If z < 0, then sign(x) = —1. In this case, 
lim sign(x) = 1 


z—0* 
lim sign(x) = —1 
c—07 


jump (sign(z), 0) = 2. 


Since sign(x) is not defined at z = 0, it is not continuous at 0. 


sin 0 


Example 2.1.4 Consider f(0) = as 0 tends to 0. 


graph 


The point C(cos0,sin0) on the unit circle defines sinÓ as the vertical 
length BC. The radian measure of the angle 0 is the arc length DC. It is 
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clear that the vertical length BC and arc length DC get closer to each other 
as 0 tends to 0 from above. Thus, 


graph 


6—0+ 0 


.  sin(-0) . —sind 
l = ] zu 
Au 8 e p 
Hence, 
. sinó 
OWOCE 


This limit can be verified by numerical computation for small 0. 


1 
Example 2.1.5 Consider f(x) = — as x tends to 0 and as x tends to too. 
3; 


graph 


It is intuitively clear that 


, 1 
lim — = +00 
r—0*t £ 
. 1 
lim —=0 
c>+wo P 
i 1 
lim == —oo 
ca>0 X 
1 
lim —=0. 
r—-—oo T 
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The function f is not continuous at z = O because it is not defined for z = 0. 
This discontinuity is not removable because the limits from the left and from 
the right, at x = 0, are not equal. The horizontal and vertical axes divide 
the graph of f in two separate pieces. The vertical axis is called the vertical 
asymptote of the graph of f. The horizontal axis is called the horizontal 
asymptote of the graph of f. We say that f has an essential discontinuity at 
p. 


Example 2.1.6 Consider f(x) = sin(1/z) as x tends to 0. 
graph 


The period of the sine function is 27. As observed in Example 5, 1/x 
becomes very large as z becomes small. For this reason, many cycles of the 
sine wave pass from the value —1 to the value 4-1 and a rapid oscillation 
occurs near zero. None of the following limits exist: 


; . /1 : "P f m /1 
lim sin|—], lim sin[—], lim sin | —]. 
z—0* Sp 2—07 d z—0 c 


It is not possible to define the function f at 0 to make it continuous. This 
kind of discontinuity is called an “oscillation” type of discontinuity. 


1 
Example 2.1.7 Consider f(x) = zsin (2) as z tends to 0. 
z 
graph 


1 
In this example, sin Di oscillates as in Example 6, but the amplitude 
d 
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|z| tends to zero as x tends to 0. In this case, 


The discontinuity at z = 0 is removable. We define f(0) = 0 to make f 
continuous at x = 0. 


Example 2.1.8 Consider f(r) = == as x tends to +2. 

This is an example of a MU function that yields the indeterminate 
form 0/0 when z is replaced by 2. When this kind of situation occurs in 
rational functions, it is necessary to cancel the common factors of the nu- 
merator and the denominator to determine the appropriate limit if it exists. 
In this example, x — 2 is the common factor and the reduced form is obtained 


through cancellation. 


graph 


r—2 x—2 
n= aa (s- 3 3) 
1 
Br 


In order to get the limits as x tends to 2, we used the reduced form to get 
1/4. The discontinuity at z = 2 is removed if we define f(2) = 1/4. This 
function still has the essential discontinuity at r — —2. 
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as x tends to 3. 


vx — v3 
9 


Example 2.1.9 Consider f(x) = SC 


In this case f is not a rational function; still, the problem at r — 3 is 
caused by the common factor (yx — v3). 


graph 


(Vz — v3) 
(£ +3)(Vz — V3)(y/z + V3) 
1 


(c+ 3)(Va+ v3) 


As x tends to 3, the reduced form of f tends to 1/(12/3). Thus, 


1 
li = l = li =, 
lim f(z) = lim f(x) = lim f(x) 1243 
1 
The discontinuity of f at z = 3 is removed by defining f(3) = JA The 
other discontinuities of f at x = —3 and x = — V3 are essential discontinuities 


and cannot be removed. 

Even though calculus began intuitively, formal and precise definitions of 
limit and continuity became necessary. These precise definitions have become 
the foundations of calculus and its applications to the sciences. Let us assume 
that a function f is defined in some open interval, (a,b), except possibly at 
one point c, such that a < c < b. Then we make the following definitions 
using the Greek symbols: e, read “epsilon” and 6, read, “delta.” 


2.1.2 Limit: Formal Definitions 
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Definition 2.1.1 The limit of f(x) as x goes to c from the right is Z, if and 
only if, for each e > 0, there exists some 0 > 0 such that 


lf(z) — L| «e | whenever, c< g< c+ ô. 


The statement that the limit of f(r) as r goes to c from the right is L, is 
expressed by the equation 
lim f(x) = L. 


act 


graph 


Definition 2.1.2 The limit of f(x) as x goes to c from the left is L, if and 
only if, for each e > 0, there exists some 0 > 0 such that 


lf(z) L| «e whenever, c- ó« xz « c. 


The statement that the limit of f(x) as z goes to c from the left is L, is 
written as 


lim f(x) = L. 


rc > 


graph 


Definition 2.1.3 The (two-sided) limit of f(x) as z goes to c is L, if and 
only if, for each e > 0, there exists some à > 0 such that 


|f(z) — Ll «e whenever 0 < |r — c| < ô. 


graph 
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The equation 
lim f(z) zt 


T>C 


is read “the (two-sided) limit of f(x) as x goes to c equals L.” 


2.1.3 Continuity: Formal Definitions 


Definition 2.1.4 The function f is said to be continuous at c from the right 
if f(c) is defined, and 
lim f(x) = er 


act 


Definition 2.1.5 The function f is said to be continuous at c from the left 
if f(c) is defined, and 
lim f(x) = Fe): 


rc. 


Definition 2.1.6 The function f is said to be (two-sided) continuous at c if 


f (c) is defined, and 
lim f(x) = f(0). 


zc 


Remark 4 The continuity definition requires that the following conditions 
be met if f is to be continuous at c: 


(1) f(c) is defined as a finite real number, 


(ii) lim f(a) exists and equals f(c), 


MC 


(iii) lim f(x) exists and equals f(c), 


T>C 


(iv) lim a): Ceo lim fo. 


Loc z—ct 


When a function f is not continuous at c, one, or more, of these conditions 
are not met. 
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Remark 5 All polynomials, sin z, cos z, e”, sinh z, cosh x, b^, b # 1 are con- 
tinuous for all real values of x. All logarithmic functions, log, z,b > 0,06 Z1 
are continuous for all z > 0. Each rational function, p(x)/q(x), is continuous 
where q(x) 4 0. Each of the functions tan z, cot z, sec z, csc z, tanh z, coth z, 
sech x, and csch x is continuous at each point of its domain. 


Definition 2.1.7 (Algebra of functions) Let f and g be two functions that 
have a common domain, say D. Then we define the following for all x in D: 


1. (f + g)(x) = f(x) + g(x) (sum of f and g) 


2. (f—9)(x) = f(x) — g(x) (difference of f and g) 


3: (9) (x) = fü „if g(x) #0 (quotient of f and g) 


4. (gf)(x) = glz) f(x) (product of f and g) 


If the range of f is a subset of the domain of g, then we define the 
composition, g o f, of f followed by g, as follows: 


9. (go f(x) = g(f(2)) 


Remark 6 The following theorems on limits and continuity follow from the 
definitions of limit and continuity. 


Theorem 2.1.1 Suppose that for some real numbers L and M, lim f(x) = L 
and lim g(x) = M. Then 


(i) lim k =k, where k is a constant function. 
zc 


(ii) lim (f(x) + gie = lim f(x) + lim ai 


TC 


(iż) lim (f(x) — g(x)) = lim. f(x) — lim g(x) 


zc TC 
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(iv) lim (f(2)9(z)) = (lim Zeil (lim g(2)) 


lim f(x) 
d tim (FER) = E55 iptim ata) 40 


Proof. 
Part (i) Let f(x) =k for all z and e > 0 be given. Then 


f(x) - k| = |k-k|=0<e 


for all z. This completes the proof of Part (i). 
For Parts (ii)-(v) let e > 0 be given and let 


lim f(x) 2 L and  limg(x) = M. 
By definition there exist 6, > O and ô> > 0 such that 
|f(z) — L| < 3 whenever 0«|r—c| < à 


lg(x) - M| < 3 whenever 0 « |x —c| < 02 


Part (ii) Let 6 = min(91, 62). Then 0 < |x — c| < 6 implies that 


0«c|r—c|«ó, and Foys (by (1)) 


0«c«|z—c|«ó9 and |g(x)— M| < 3 (by (2)) 
Hence, if 0 < |z — c| < 0, then 


(Fx) + g(z)) — (L+ M)| = Ge E 


This completes the proof of Part (ii). 
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Part (iii) Let 0 be defined as in Part (ii). Then 0 « |x — c| < à implies that 


(f(x) — glo)) — (L= M)| = IQ (x) — L) + (g(x) — M) 
< |f(x) — L|  |g(x) — M| 


€ 
ARE 


< 
3 


wlan 


« €. 
This completes the proof of Part (iii). 


Part (iv) Let e > 0 be given. Let 


€ 
e; = min | 1, ————___ |. 
` SCH 
Then e > 0 and, by definition, there exist 6, and d2 such that 


|f(x) - L| «e whenever 0«|z—c| «ói (5) 
lg(z) — Al e whenever 0< |x — e| < 02 (6) 


Let 6 = min(0,,02). Then 0 < |x — c| < 6 implies that 


0«|r—-c|«ó and |f(r)—- L| «& (by (5)) (7) 
0«|r—c|«ós and |g(z)— M| « & (by (6)) (8) 
Also, 
|f(@)g(@) — LM] = |(f(@) — L+ D)(g(x) - M + M) - LM] 
= |(f(x) — L)(g(z) — M) + (f(x) — L)M + L(g(x) — M)| 
< |f(@) — L| |g(x) — M| + |f) + L| [M] + |L| |g) — M| 
< eq + (Mle + | Ele 
et |M]e + |Lle 
= Ur MIr [Ne 
<e. 


This completes the proof of Part (iv). 


Part (v) Suppose that M > 0 and lim g(x) = M. Then we show that 
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Since M/2 > 0, there exists some 6, > 0 such that 


M 
lg(x) - M| < E whenever 0 < |x —c| < 64, 
M 3M 
—3 *M«g(z)« a whenever 0 < |x — c| < 64, 
M 3M 
Use eO e whenever 0 < |x —c| < 64, 
1 2 
< — whenever 0 < |x — cl < ô. 
(x) M 


Let e > 0 be given. Let e, = M?e/2. Then e, > 0 and there exists some 
6 > O such that 6 < 6, and 


|g(r)-M|<e, whenever 0«|r—c| «ó <j, 


| NM |= M —g(x)  |g(x) — M] 
g(t) M g(z)M oc 
1 1 
a ig(x) — M| 
M |g(x)| 
E 1 2 
MM" 
2€1 
TM 
=ë whenever 0< |x — c| < ô. 


This completes the proof of the statement 


1 1 
lim —~ = — whenever M » O0. 
ze g(x) M 
The case for M < 0 can be proven in a similar manner. Now, we can use 
Part (iv) to prove Part (v) as follows: 
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This completes the proof of Theorem 2.1.1. 


Theorem 2.1.2 If f and o are two functions that are continuous on a com- 
mon domain D, then the sum, f +g, the difference, f — g and the product, 
fg, are continuous on D. Also, f/g is continuous at each point x in D such 
that g(x) 40. 


Proof. If f and g are continuous at c, then f(c) and g(c) are real numbers 
and 


lim f(x) = /(c), lim g(z) = 9(c). 


zc 


By Theorem 2.1.1, we get 
lim(f(z) + ale = lim f(x) + lim g(x) = f(c) + 
lim(f(z) — g(z)) = lim f(x) — lim g(x) = fc) — 
lim (f(x)g()) = (lim fiel Beate = Delai 


Dain _ imete) Zi, 
cza Tag rem 


lim,-.9(1) ` g(c) 
This completes the proof of Theorem 2.1.2. 


g(c) 
g(c) 


) 
) 


lim 


zc 


2.1.4 Continuity Examples 


Example 2.1.10 Show that the constant function f(x) = 4 is continuous at 
every real number c. Show that for every constant k, f(x) — k is continuous 
at every real number c. 


First of all, if f(x) = 4, then f(c) = 4. We need to show that 
lim 4 — 4. 


zc 


graph 


For each e > 0, let ó = 1. Then 
fx) = HO =14=4]|=20<e 
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for all x such that |x — c| < 1. Secondly, for each e > 0, let 6 = 1. Then 
|F(z) — f()) = |k—k|=0<e 


for all x such that |x — c| < 1. This completes the required proof. 


Example 2.1.11 Show that f(x) = 3x — 4 is continuous at x = 3. 
Let e > 0 be given. Then 


f(x) — FS) = |(3z — 4) — (5)| 


= |3x — 9| 
= 3|z — 3| 
< € 


€ 
whenever |x — 3| < >. 


3 
We define ô = Then, it follows that 


lim f(x) = f(3) 


13 


and, hence, f is continuous at z — 3. 


Example 2.1.12 Show that f(x) = x? is continuous at z = 2. 
Since f(2) = 8, we need to prove that 


lim z? = 8 = 2°. 


12 


graph 


Let e > O be given. Let us concentrate our attention on the open interval 
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(1,3) that contains z = 2 at its mid-point. Then 


f(x) — F(2)| = Ix? — 8| = |(@ — 2)(2? + 2x + 4)| 
= |x — 2| |z? + 22 +4] 


< |x — 2|(|x|? + 2|z| +4) (Triangle Inequality |u + v| € Jul + lvl) 


< |x — 2|(9 + 18 + 4) 

= 31|z — 2] 

«t€ 
Provided c 
a. 


Since we are concentrating on the interval (1,3) for which |x — 2| < 1, we 


jz — 2| < 


need to define 6 to be the minimum of 1 and ar Thus, if we define 6 = 
min{1,¢/31}, then 
Fee Fe 


whenever |x — 2| < 6. By definition, f(a) is continuous at z = 2. 


Example 2.1.13 Show that every polynomial P(x) is continuous at every 
C. 
From algebra, we recall that, by the Remainder Theorem, 


P(x) = (x — c)Q(x) + P(c). 
Thus, 

|P(z) — P(e)| = |z — ellQ(z)| 
where Q(x) is a polynomial of degree one less than the degree of P(x). As 
in Example 12, |Q(x)| is bounded on the closed interval [e — 1, c + 1]. For 
example, if 

Q(x) = qox"! + qux"? +--+ gn-20 + Gm-1 
IQ(z)| < |gl Ix] + jai] fal? +--+ + dana] [2] + lanai. 
Let m —max([|z|:c— 1€ z € c- 1). Then 


IQ(x)| € |qolm""" gm"? + +++ + qu 2m + |qn—1| = M, 
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for some M. Then 
|P(z) — P(o)| = |x — c| |Q(z)] € Mir — e] < e 


whenever |x — c| < —. Asin Example 12, we define 6 = min {1, up Then 
|P(z) — P(c)| < e, whenever [x — c| < ô. Hence, 
lim P(x) = P(c) 


zc 


and by definition P(x) is continuous at each number c. 


1 
Example 2.1.14 Show that f(x) — — is continuous at every real number 
£ 


c> 0. 
We need to show that 


lim ——-. 
q—6 um C 


c 
Let e > 0 be given. Let us concentrate on the interval |y — c| € z; that is, 


3 
5 <a< a Clearly, x Æ 0 in this interval. Then 
1 1 
Fa) - H01= 7-2 
aM Z 
ol er 
1 1 
— x — cl] P arm 
c |z| 
12 
< |c-c|--:*- 
c 
2 
m |z — cl 
«t€ 
CZE 


whenever |x — dl < o 


We define ó = min d ae 


2 
2 =}. Then for all z such that |x — c| < ô, 
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Hence, 


lim — == 
rc "E C 


1 
and the function f(x) = — is continuous at each c > 0. 
z£ 


A similar argument can be used for c < 0. The function f(x) = — is 
z 


continuous for all z Æ 0. 


Example 2.1.15 Suppose that the domain of a function g contains an open 
interval containing c, and the range of g contains an open interval containing 
g(c). Suppose further that the domain of f contains the range of g. Show 
that if g is continuous at c and f is continuous at g(c), then the composition 
f og is continuous at c. 

We need to show that 


lim f(g(x)) = f(a(o)). 


zc 


Let e > 0 be given. Since f is continuous at g(c), there exists 9, > 0 such 
that 


1. |f(y) — f(g(c))| < e, whenever, |y — g(c)| < ài. 


Since g is continuous at c, and 6, > 0, there exists 6 > 0 such that 
2. |g(x) — g(c)| < 61, whenever, |x — dl < ô. 
On replacing y by g(x) in equation (1), we get 
|f(g(z)) — f(g(c))| < e, whenever, |x — e| < ô. 


By definition, it follows that 
lim f(g(z)) = f(g(c)) 


zc 


and the composition f o g is continuous at c. 


Example 2.1.16 Suppose that two functions f and g have a common do- 
main that contains one open interval containing c. Suppose further that f 
and g are continuous at c. Then show that 
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(i) f +g is continuous at c, 

(ii) f — g is continuous at c, 

(iii) kf is continuous at c for every constant k 4 0, 

(iv) f - g is continuous at c. 


Part (i) We need to prove that 


lim [f (a) + g(z)] = fc) + glo). 


zc 


€ 
Let e > O be given. Then = > 0. Since f is continuous at c and 5 > 0, there 


exists some 6; > O such that 


€ 
(1) f(x) — f(| < 5, whenever, |x — e| < ài. 
€ 
Also, since g is continuous at c and 5 > 0, there exists some 62 > 0 such that 


ô 
(2) lg(x) — g(c)| < 7 whenever, |z — e| < E 


Let 6 = min(ó1,05). Then ô > 0. Let |x — c| < ô. Then |x — c| < 91 and 
lx — c| < 69. For this choice of z, we get 


lt f(z) + 9(2)) — Uo) + (Y 
A/(2) — FC} + tgtz) — gl) 
€ |f(x) — f(c)| + lg) —g(c)| ^ (by triangle inequality) 
«2*5 


It follows that 
lim (f(x) + g(z)) = f(c) + g(c) 


z—0 


and f 4- g is continuous at c. This proves part (1). 
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Part (ii) For Part (ii we chose e,e/2,61,02 and 6 exactly as in Part (i). 
Suppose |æ — c| < à. Then |x — c| < 6; and |x — c| < à». For these choices of 
x we get 


f(x) — g(@)} — € fe) — g(e))| 
= (UG) — f(e) — Joel — gle) y 
€ f(x) — flo} + |g(z) — 9(c)) ^ (by triangle inequality) 
HO 


It follows that 
lim (f(x) — g(z)) = f(o) — glc) 


zc 
and, hence, f — g is continuous at c. 


Part (iii) For Part (iii) let e > 0 be given. Since k Æ 0, m > 0. Since f is 


continuous at c, there exists some 6 > 0 such that 


whenever, |x — dl < ô. 


If lx — c| < ô, then 


Ik f(x) — kf(e)| = Gf Go) — Fc)! 
= |k] (f(x) — fc)! 


BIE 


— €. 


It follows that 
lim kf(z) = kf(c) 


zc 
and, hence, kf is continuous at c. 


Part (iv) We need to show that 


lim (f(z)g(z)) = f(c)ato). 


T>C 
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Let e > 0 be given. Without loss of generality we may assume that e < 1. 
€ 
. Then e > 0,6 < 1 and &(1-4 |f| + |g(c)]) = 
(1+|F(e)| + |g(c)|) 


5 < e. Since f is continuous at c and e, > 0, there exists 0, > O such that 


Let e = 5 


f(x) — f(c)| < e whenever, Le — dl < ài. 
Also, since g is continuous at c and e; > 0, there exists 02 > O such that 
lg(x) — g(c)| < e whenever, |x — e| < 6g. 


Let 6 = min{6,, 62} and Le — c| < 6. For these choices of z, we get 


= lei — Fle) (x) — g(c) + gle)) — F(o)g(c)| 

= |(f(x) — Ao) glo) — g(c)) + (F(x) — Flo) ale) + F(e)(g(z) — g(c))| 
< |f) — Tell lg) — glo) + If) — FO] gto)! + IFC) lgl) — g(o)| 
< epe et ole) | + elf (e) 


« €. 


It follows that 
lim f(x)g(x) = f(c)g(c) 


zc 


and, hence, the product f -g is continuous at c. 


Example 2.1.17 Show that the quotient f/g is continuous at c if f and g 
are continuous at c and g(c) 4 0. 

First of all, let us observe that the function 1/g is a composition of g(x) 
and 1/x and hence 1/g is continuous at c by virtue of the arguments in 
Examples 14 and 15. By the argument in Example 16, the product f(1/g) = 
f/g is continuous at c, as required in Example 17. 


Example 2.1.18 Show that a rational function of the form p(x)/q(x) is 
continuous for all c such that g(c) Z 0. 
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In Example 13, we showed that each polynomial function is continuous 
at every real number c. Therefore, p(x) is continuous at every c and q(x) is 
continuous at every c. By virtue of the argument in Example 17, the quotient 
p(x)/q(x) is continuous for all c such that q(c) Æ 0. 


Example 2.1.19 Suppose that f(x) € g(x) € h(x) for all z in an open 
interval containing c and 


hm f(x) = lim h(x) = L. 


LT>C T>C 


Then, show that, 
lim g(x) = L. 


Let e > 0 be given. Then there exist 6; > 0, 02 > 0, and 6 = minf61, 62) 
such that 


If(x)— El < 5 whenever 0 < |x — c| < 61 
|h(z) — L) < 5 whenever 0 < |x — c| < do. 
If 0 < |x —c| < ô, then 0 < |z — e| < 6, 0 < |x — c| < ô and, hence, 
=, <f (0) — L < g(a) - L« h(z) - L< 7. 
It follows that 
lg(x) - L| < 5 < e whenever 0 < |x — c| < ô, 
and 


lim g(x) — L. 


T>C 


Example 2.1.20 Show that f(x) = |z| is continuous at 0. 
We need to show that 
lim |z| = 0. 


Let e > 0 be given. Let ô = e. Then |x — 0| < e implies that |x| < e Hence, 


lim |x| = 0 
z—0 
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Example 2.1.21 Show that 


(i) lim sinü = 0 (ii) lim cos? = 1 
sin 0 e l— cos 
g = 1 (iv) lim R 


0 


(iii) lim 


graph 


Part (i) By definition, the point C'(cos 0, sin 0), where 0 is the length of 
the arc CD, lies on the unit circle. It is clear that the length BC = sin O is 
less than 0, the arclength of the arc C D, for small positive 0. Hence, 


—O<sind <6 
and 
lim sin dé = 0. 
8—0+ 
For small negative 0, we get 
0 <sin9 < —0 


and 


lim sind — 0. 
0—0- 


Therefore, 
lim on = 0. 
0—0 


Part (ii) It is clear that the point B approaches D as 0 tends to zero. There- 
fore, 

lim cos 9 = 1. 

0—0 


Part (iii) Consider the inequality 


Area of triangle ABC < Area of sector ADC < Area of triangle ADE 


1 1 1 sind 
= sin < -0< - i 
pm xs 2 - 2 cosd 
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Assume that 0 is small but positive. Multiply each part of the inequality by 
2/ sin Ó to get 


0 1 
« : 
sin) — cosó 


cos < 


On taking limits and using the squeeze theorem, we get 


0 
li =j; 
6—0+ sind 
By taking reciprocals, we get 
sin 0 
li ex 
ghor 0 
Since 
sin(—0) — sin0 
= 8^" 
sin H 
li =] 
0-0- 0 
Therefore, 
. sind 
Ee 
Part (iv) 
= a 1 
geg 1—cos@ — em (1 — cos 9)(1 + cos 0) 
6—0 0 6—0 (1 + cos 0) 
i 1 — cos? 6 1 
inn : 
60 0 (1 + cos 0) 
Sii sin 0 sin 0 
"an 60 1-4 cos0 
yp E 
2 
=0. 


Example 2.1.22 Show that 


(i) sinf and cos are continuous for all real 0. 
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(ii) tan and sec 0 are continuous for all 6 4 2na + 2 n integer. 


(iii) cot 0 and csc are continuous for all 9 £ nr, n integer. 


Part (i) First, we show that for all real c, 


lim sin = sinc or equivalently lim | sin — sin c| = 0. 
0—c 


0—c 


We observe that 


die, 
0 € |sin@ — sin c| = |2cos sin 


= 
D 
o 
NS 


Therefore, by squeeze theorem, 


0 < lim|sin@ — sinc] <0-1=0. 


It follows that for all real c, sin 0 is continuous at c. 
Next, we show that 


lim cos z = cosc or equivalently lim | cos x — cos c| = 0. 
zc 


We observe that 


cc 
0 € |cosz — cos c| = sn t und 5 ) 


Therefore, 
0 < lim |cosz —cosc| <0-1=0 


and cos z is continuous at c. 
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Part (ii) Since for all 9 A 2n7 + 5,n integer, 


sin 0 1 
tan 0 = , sec = 
cos 0 cos O 


it follows that tan 0 and sec are continuous functions. 


Part (iii) Both cot 0 and cscÓ are continuous as quotients of two continuous 
functions where the denominators are not zero for n 4 nr, n integer. 


Exercises 2.1 Evaluate each of the following limits. 


2..4 in(2 i 
ie ee 2. lim EB a fay Oe 
rl y3—] z-0 T z—0 sin Tr 
. 1 : . x—2 
* M e mn oh gad 
x—2 x—2 x—2 
7. lim > 8. lim = 9. lim ——.. 
zum la —2| a (BO) 222 |e — 2 
2_9 2_9 
Me ME 12. lim tanz 
2-3 —3 2-3 +3 az 
13. lim tanz 14. lim cscz 15. lim cscz 
zt z—0- z—0* 
16. lim. cot c 1T. lim cot z 18. lim secz 
z—0 zu LF 
in2x + sin3 zu) 
10: Imsa E ee E EE 
r2 r0 x a>4- Tz —4 
-2 -2 4_ 81 
22. lim Ye 93 lim AC Be = 22 
a>4t x—ád a>4 x—ád r—3 gy2—9 


Sketch the graph of each of the following functions. Determine all the 
discontinuities of these functions and classify them as (a) removable type, 
(b) finite jump type, (c) essential type, (d) oscillation type, or other types. 
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25. Dal =2 = = 26. ==> 

ius E 8. DT (o) ite >0 

a fio) = ce 30. f(0) =| [Ea] SC 
Recall the unit step function u(x) = l : > S 5 


Sketch the graph of each of the following functions and determine the left 
hand limit and the right hand limit at each point of discontinuity of f and 


g. 
31. f(x) = 2u(z — 3) — u(x — 4) 

32. f(x) = —2u(z — 1) + 4u(x — 5) 

33. f(x) = u(x — 1) + 2u(x + 1) — 3u(x — 2) 


34. JIG un ju (z+ z) = (z = 5) 


35. g(x) = (tan x) ju (z + 5) CM (z B 5) 


36. f(x) = [u(z) — u(x — n)] cos x 


2.2 Linear Function Approximations 


One simple application of limits is to approximate a function f(x), in a small 
neighborhood of a point c, by a line. The approximating line is called the 
tangent line. We begin with a review of the equations of a line. 

A vertical line has an equation of the form 1 = c. A vertical line has no 
slope. A horizontal line has an equation of the form y — c. A horizontal 
line has slope zero. A line that is neither horizontal nor vertical is called an 
oblique line. 
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Suppose that an oblique line passes through two points, say (x1, y1) and 
(rz, y2). Then the slope of this line is define as 


yo — 1 Yı ya 
m = = : 
La — Tı Tı — La 


If (x, y) is any arbitrary point on the above oblique line, then 


= y= Yi = Y — ya 
DEL BH ae 


m 


By equating the two forms of the slope m we get an equation of the line: 


y — yı a Ya — A T Y — Ya _ Ya — Yı 
TT «2-21 DS: T2— T1 


On multiplying through, we get the “two point” form of the equation of the 
line, namely, 


Example 2.2.1 Find the equations of the lines passing through the follow- 
ing pairs of points: 


(i) (4,2) and (6,2) (ii) (1,3) and (1,5) 
(iii) (3, 4) and (5, —2) (iv) (0, 2) and (4, 0). 


Part (i) Since the y-coordinates of both points are the same, the line is 
horizontal and has the equation y — 2. This line has slope 0. 


Part (ii) Since the z-coordinates of both points are equal, the line is vertical 
and has the equation z = 1. 


Part (iii) 'The slope of the line is given by 


—2—4 
Mm = = 
5—3 


The equation of this line is 


y—4-—-3(r—-3) or y+2=—3(1 —5). 
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On solving for y, we get the equation of the line as 


y = —3x + 13. 


This line goes through the point (0,13). The number 13 is called the y- 
intercept. The above equation is called the slope-intercept form of the line. 


Example 2.2.2 Determine the equations of the lines satisfying the given 
conditions: 


(1) slope = 3, passes through (2, 4) 


(ii) slope — —2, passes through (1, —3) 


) 
) 
(ii) slope = m, passes through (21, yi) 
(iv) passes through (3,0) and (0, 4) 

) 


(v) passes through (a, 0) and (0, 5) 


Part (i) If (x, y) is on the line, then we equate the slopes and simplify: 


Part (ii) If (x, y) is on the line, then we equate slopes and simplify: 


s sies 
r—1 


or y+3= -2(z — 1). 
Part (iii) On equating slopes and clearing fractions, we get 


y—Wu 
X — Tı 


m = or y— y = m(z — 11). 


This form of the line is called the “point-slope” form of the line. 
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Part (iv) Using the two forms of the line we get 


y-0 4-0 4 
= —— = —-(x — 3). 
faa as ge 
If we divide by 4 we get 
a ecd 
3 4 l 


The number 3 is called the x-intercept and the number 4 is called the y- 
intercept of the line. This form of the equation is called the “two-intercept” 
form of the line. 


Part (v) As in Part (iv), the “two-intercept” form of the line has the equation 


x 
MI 
GB 


In order to approximate a function f at the point c, we first define the slope 
m of the line that is tangent to the graph of f at the point (c, f (c)). 


graph 


ON 
Bed TC 


Then the equation of the tangent line is 
y — f(c) =míx—=c), 


written in the point-slope form. The point (c, f(c)) is called the point of 
tangency. This tangent line is called the linear approximation of f about 
Z 


Example 2.2.3 Find the equation of the line tangent to the graph of f(x) = 
z? at the point (2, 4). 
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The slope m of the tangent line at (3,9) is 


T z -9 
m = lim 
r3 T—3 
= lim (xz + 3) 
= 6. 


The equation of the tangent line at (3, 9) is 


y — 9 = 6(x — 3). 


Example 2.2.4 Obtain the equation of the line tangent to the graph of 


f(x) = yz at the point (9, 3). 
The slope m of the tangent line is given by 


m = lim gg 

r9 my; —9 

us (EVE 3) 
255 (s — 9) (2 +3) 
; r—9 

Seege 
| 1 

E 

E 

=3 


The slope m of the tangent line is given by 
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2 cos (=£) sin (235) 
— lim 
zt (z — 7/6) 


The equation of the tangent line is 


y-5= A 


V3 T 
i aa: 


Example 2.2.6 Derive the formulas for the slope and the equation of the 
line tangent to the graph of f(x) = sin z at (c, sinc). 
As in Example 27, replacing 7/6 by c, we get 


sin x — sinc 


m — lim 
re r—c 
ŻA 2 cos (==) sin (55) 
re r—c 


— lim cos (= > d - lim sin (57) 


= COSC. 


Therefore the slope of the line tangent to the graph of f(x) = sin z at (c, sinc) 
is COS C. 
The equation of the tangent line is 


y — sin c = (cosc)(z — c). 
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Example 2.2.7 Derive the formulas for the slope, m, and the equation of 

the line tangent to the graph of f(x) = cosg at (c,cosc). Then determine 
m 1 

the slope and the equation of the tangent line at 3) 3) 

As in Example 28, we replace the sine function with the cosine function, 


COS Y — COSC 


m = lim 
me g-ce 
E —2 sin (25) sin (757) 
ac EE 


— lim sin ES lim sin (47%) 


T>C 


= —sin(c). 
The equation of the tangent line is 
y —cosc = — sin c(x — c). 


3 
For c = a slope = — sin > = us and the equation of the tangent line 


bb qe 


v3 T 
-5 ( ay 


Example 2.2.8 Derive the formulas for the slope, m, and the equation of 
the line tangent to the graph of f(x) = x” at the point (c, c"), where n is a 
natural number. Then get the slope and the equation of the tangent line for 
E= qe 

By definition, the slope m is given by 


a —c 


m = lim . 
ac T—C 


To compute this limit for the general natural number n, it is convenient to 
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let x = c + h. Then 


m = lim (repe 
h—0 h 
—1 
— lim E (eene ini) er esce -e| 
h>0 h 2! 
—1 
— lim 1 north + POT a 
h50 h 2! 
n(n — 1) 


eh. + gu 


Therefore, the equation of the tangent line through (c, c") is 
y —c — nc" (a — c). 


For n — 4 and c — 2, we find the slope, m, and equation for the tangent line 
to the graph of f(x) = z? at c = 2: 


m = 4c = 32 
y—2*—32(z—2) or y —16 — 32(z — 2). 


Definition 2.2.1 Suppose that a function f is defined on a closed interval 
[a,b] and a < c< b. Then c is called a critical point of f if the slope of the 
line tangent to the graph of f at (c, f(c)) is zero or undefined. The slope 
function of f at c is defined by 


fic+h) — f(c) 


slope (f(x), c) = lim 


h—0 h 
Lgs 19-70 
zc r—c 


Example 2.2.9 Determine the slope functions and critical points of the 
following functions: 


(i) le) sine, e qoa (ii) f(x) = cosg, ees 2r 
(iii) f(z) = |z|, -1<xr<1 (iv) f(x) =z? — 4r, —2 <r <2 
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Part (i) In Example 28, we derived the slope function formula for sin z, 
namely 
slope (sin z, c) = cos c. 
Since cos c is defined for all c, the non-end point critical points on [0, 27] 
are 7/2 and 37/2 where the cosine has a zero value. These critical points 
correspond to the maximum and minimum values of sin x. 


Part (ii) In Example 29, we derived the slope function formula for cosz, 
namely 

slope (cost, c) = — sinc. 
The critical points are obtained by solving the following equation for c: 

—sinc=0, 0<c<2r 

c — 0,7,2m. 

These values of c correspond to the maximum value of cos x at c= 0 and 27, 
and the minimum value of cosg at c = 7. 
ol — lel 


Part (iii) slope (|r|,c) = lim S 
zc Go 


gs EL Hd, bel + le 
me oe dele 


q? -e 
ame (z — c)(|æ] + lel) 


ae |a| + [e| 


1 ifc>0 
= —1 ifc<0 
undefined ifc=0 
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The only critical point is c = 0, where the slope function is undefined. This 
critical point corresponds to the minimum value of |x| at c = 0. The slope 
function is undefined because the tangent line does not exist at c — 0. There 
is a sharp corner at c — 0. 


Part (iv) The slope function for f(x) = x? — 4x is obtained as follows: 


slope (f(z),c) = lim + [((¢+h)® — Ale + h)) — (è — 49) 
1 
= lim = [Ë + 3c%h + 3ch* + h? — 4e — Ah — LA 
h—0 h 
1 
= lim > [3ch + 3ch? + h? — 4h] 
h>0 h 


= lim [3c? + 3ch + h? — 4] 
= 3c? —4 


graph 


The critical points are obtained by solving the following equation for c: 


3c? —4=0 
2 
/3 


C= 


E 2 
At c = —,f has a local maximum value of —— and at c = — 


V3 3/3 V3’ 


local minimum value of a The end point (—2,0) has a local end-point 


f has a 


minimum and the end point (2,0) has a local end-point maximum. 


Remark 7 The zeros and the critical points of a function are helpful in 
sketching the graph of a function. 
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Exercises 2.2 


1. 


Express the equations of the lines satisfying the given information in the 
form y = mz + b. 


(a 
(b 
( 
(d 


Line passing through (2, 4) and (5, —2) 
Line passing through (1, 1) and (3,4) 
c) Line with slope 3 which passes through (2, 1) 
Line with slope 3 and y-intercept 4 

e) Line with slope 2 and x-intercept 3 


f 


( 
( 


Line with x-intercept 2 and y-intercept 4. 


Two oblique lines are parallel if they have the same slope. Two oblique 
lines are perpendicular if the product of their slopes is —1. Using this 
information, solve the following problems: 


(a) Find the equation of a line that is parallel to the line with equation 
y — 3x — 2 which passes through (1, 4). 
(b) Solve problem (a) when “parallel” is changed to “perpendicular.” 


(c) Find the equation of a line with y-intercept 4 which is parallel to 
y= np 


(d) Solve problem (c) when “parallel” is changed to “perpendicular.” 
(e) Find the equation of a line that passes through (1, 1) and is 


(i) parallel to the line with equation 2x — 3y — 6. 
(ii) perpendicular to the line with equation 3x + 2y — 6 


For each of the following functions f(r) and values c, 


(i) derive the slope function, slope (f(x), c) for arbitrary c; 


(ii) determine the equations of the tangent line and normal line (perpen- 
dicular to tangent line) at the point (c, f(c)) for the given c; 


(iii) determine all of the critical points (c, f(c)). 
(a) Jos] ou^ 2z, c=3 
(b) f(zj=a* , c=l 
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2.3 Limits and Sequences 


We begin with the definitions of sets, sequences, and the completeness prop- 
erty, and state some important results. If x is an element of a set S, we write 
x € S, read “x is in S." If x is not an element of S, then we write x £ S, 
read “x is not in S." 


Definition 2.3.1 If A and B are two sets of real numbers, then we define 


ANB=4(x:x€Aand x€ B) 
and 


AUB-—Ír:x€Aorz E B or both}. 
We read “AN B" as the "intersection of A and B.” We read “AU B" as the 
“union of A and B." If AN B is the empty set, 0, then we write AN B = (V. 


Definition 2.3.2 Let A be a set of real numbers. Then a number m is said 
to be an upper bound of A if x < m for all x € A. The number m is said to 
be a least upper bound of A, written lub( A) if and only if, 


(i) m is an upper bound of A, and, 
(ii) if q < m, then there is some z € A such that q < x € m. 
Definition 2.3.3 Let B be a set of real numbers. Then a number / is said 


to be a lower bound of B if € y for each y € B. This number / is said to 
be the greatest lower bound of B, written, glb(b), if and only if, 


(i) Lis a lower bound of B, and, 
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(ii) if £ < p, then there is some element y € B such that £ € y < p. 


Definition 2.3.4 A real number p is said to be a limit point of a set S if 
and only if every open interval that contains p also contains an element q of 
S such that q Æ p. 


Example 2.3.1 Suppose A = [1,10] and B = [5, 15]. 

Then ANB = [5,10], AUB = [1,15], glb( A) = 1, lub(A) = 10, glb(B) = 5 
and lub(B) = 15. Each element of A is a limit point of A and each element 
of B is a limit point of B. 


1 
Example 2.3.2 Let S = E : n is a natural number e. 
n 


Then no element of S is a limit point of S. The number 0 is the only 
limit point of S. Also, glb(S) = 0 and lub(S) = 1. 
Completeness Property: The completeness property of the set R of all real 
numbers states that if A is a non-empty set of real numbers and A has an 
upper bound, then A has a least upper bound which is a real number. 


Theorem 2.3.1 /f B is a non-empty set of real numbers and B has a lower 
bound, then B has a greatest lower bound which is a real number. 


Proof. Let m denote a lower bound for B. Then m < x for every x € B. 
Let A = {—x : x € B). then —x € —m for every x € B. Hence, A is a 


non-empty set that has an upper bound —m. By the completeness property, 
A has a least upper bound lub(A). Then, -lub(A) = glb(B) and the proof is 
complete. 


Theorem 2.3.2 If x, and x2 are real numbers such that xy < 2, then 


tı < zl + 22) < X. 


Proof. We observe that 
1 
zı S zim 22) < Lg > 221 < £1 + To < 229 
O 11 < Ta < £2 + (T2 — 11). 


This completes the proof. 
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Theorem 2.3.3 Suppose that A is a non-empty set of real numbers and 
m = lub(A). If m € A, then m is a limit point of A. 


Proof. Let an open interval (a,b) contain m. That is, a < m < b. By the 
definition of a least upper bound, a is not an upper bound for A. Therefore, 
there exists some element q of A such that a < q < m < b. Thus, every open 
interval (a,b) that contains m must contain a point of A other than m. It 
follows that m is a limit point of A. 


Theorem 2.3.4 (Dedekind-Cut Property). The set R of all real numbers is 
not the union of two non-empty sets A and B such that 


(i) if x € A and y € B, then x « y, 
(ii) A contains no limit point of B, and, 


(iii) B contains no limit point of A. 


Proof. Suppose that R — AU B where A and B are non-empty sets that 
satisfy conditions (i), (ii) and (iii). Since A and P are non-empty, there exist 
real numbers a and b such that a € A and b € B. By property (i), a is 
a lower bound for B and b is an upper bound for A. By the completeness 
property and theorem 2.3.1, A has a least upper bound, say m, and B has a 
greatest lower bound, say M. If m ¢ A, then m is a limit point of A. Since 
B contains no limit point of A, m € A. Similarly, M € B. It follows that 
m « M by condition (i). However, by Theorem 2.3.2, 


1 


1 
The number 5(m + M) is neither in A nor in B. This is a contradiction, 
because R = AU B. This completes the proof. 


Definition 2.3.5 An empty setis considered to be a finite set. A non-empty 
set S is said to be finite if there exists a natural number n and a one-to-one 
function that maps S onto the set (1,2,3,... , nj. Then we say that S has n 
elements. If S is not a finite set, then S is said to be an infinite set. We say 
that an infinite set has an infinite number of elements. Two sets are said to 
have the same number of elements if there exists a one-to-one correspondence 
between them. 
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Example 2.3.3 Let A = {a,b,c}, B = {1,2,3},C = {1,2,3,...}, and D = 
Tae eck 

In this example, A and B are finite sets and contain three elements each. 
The sets C and D are infinite sets and have the same number of elements. A 
one-to-one correspondence f between n, C and D can be defined as f : C + 
D such that 


f(1) 20, f(2n) =n and f(2n - 1) = -n for n = 1,2,3,.... 


Definition 2.3.6 A set that has the same number of elements as C — 
{1,2,3,...} is said to be countable. An infinite set that is not countable 
is said to be uncountable. 


Remark 8 The set of all rational numbers is countable but the set of all real 
numbers is uncountable. 


Definition 2.3.7 A sequence is a function, say f, whose domain is the set 
of all natural numbers. It is customary to use the notation f(n) = an,n = 
1,2,3,.... Weexpress the sequence as a list without braces to avoid confusion 
with the set notation: 


: 00 
01,02,03,... GT TEE Or, simply, {an eet 


The number a, is called the nth term of the sequence. The sequence is said 
to converge to the limit a if for every e > 0, there exists some natural number, 
say N, such that |am — al < e for all m > N. We express this convergence 
by writing 

lim a, =a. 


N—00 


If a sequence does not converge to a limit, it is said to diverge or be divergent. 


Example 2.3.4 For each natural number n, let 
—1)" 
E 


Un = (—1)”, bn = 33:3 Cn = 2, d = ( 


The sequence {an} does not converge because its terms oscillate between —1 
and 1. The sequence £b, | converges to 0. The sequence {cn} diverges to oo. 
The sequence {d,,} converges to 0. 
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Definition 2.3.8 A sequence Jo, 7, diverges to oo if, for every natural 
number N, there exists some m such that 


am+j Z N for all j —1,2,5,- . 


The sequence {a,}°°, is said to diverge to —oo if, for every natural number 
N, there exists some m such that 


p SN , for all j = 1,2, 3,.... 


Theorem 2.3.5 Ifp is a limit point of a non-empty set A, then every open 
interval that contains p must contain an infinite subset of A. 


Proof. Let some open interval (a,b) contain p. Suppose that there are only 
two finite subsets (a1,a5,... ,an} and {b1, b2, ... , bm} of distinct elements of 
A such that 


AKA <a <-**< dn <p< bm < bm-1 <: < bı <b. 


Then the open interval (an, bm) contains p but no other points of A distinct 
from p. Hence p is not a limit point of A. The contradiction proves the 
theorem. 


Theorem 2.3.6 Ifp is a limit point of a non-empty set A, then there exists 
a sequence {p,}°,, of distinct points pn of A, that converges to p. 


1 1 
Proof. Let ou =p— SÉ bi =p+ SÉ Choose a point pı of A such that p; Z p 
and aa < pı <p < bı or as <p < pı < bı. If ay < py < p < by, then define 


1 1 
dą = max4pi,p — and b = p + 22 Otherwise, define a» = p — 22 and 


22 
1 | 
by = min Ing + a} Then the open interval (az, bal contains p but not pi 


and bə — a» < z. We repeat this process indefinitely to select the sequence 


{pn}, of distinct points p, of A, that converges to p. The fact that {pn} is an 
infinite sequence is guaranteed by Theorem 2.3.5. This completes the proof. 


Theorem 2.3.7 Every bounded infinite set A has at least one limit point p 
and there exists a sequence {pn}, of distinct points of A, that converges 
to p. 
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Proof. We will show that A has a limit point. Since A is bounded, there 
exists an open interval (a,b) that contains all points of A. Then either 


1 1 
(a z(a + ») contains an infinite subset of A or El + b), ) contains an 


infinite subset of A. Pick one of the two intervals that contains an infinite 
subset of A. Let this interval be denoted (a,,b;). We continue this process 
repeatedly to get an open interval (an, bn) that contains an infinite subset of 


B= 
A and |b, — an| = EEG. Then the lub of the set {a@n,a2,...} and glb of 


the set (b,,b2,... | are equal to some real number p. It follows that p is a 
limit point of A. By Theorem 2.3.6, there exists a sequence {pn}, of distinct 
points of A, that converges to p. This completes the proof. 


Definition 2.3.9 A set is said to be a closed set if it contains all of its limit 
points. The complement of a closed set is said to be an open set. (Recall 
that the complement of A is (x € R: x € Aj.) 


Theorem 2.3.8 The interval |a, b] is a closed and bounded set. Its comple- 
ment (—oo, a) U (b, oo) is an open set. 


Proof. Let p € (—00,a) U (b,oo). Then -œ < p «a orb « p « co. The 


: 1 1 1 1 i st . 
intervals | p — 9: ¿(a+ P) Or z -p),p+ 5 contain no limit point of 


[a,b]. Thus [a,b] must contain its limit points, because they are not in the 
complement. 


Theorem 2.3.9 If a non-empty set A has no upper bound, then there exists 
a sequence In, KZ, of distinct points of A, that diverges to oo. Furthermore, 
every subsequence of {pn}; diverges to oo 


Proof. Since 1 is not an upper bound of A, there exists an element p; of A 
such that 1 < pı. Let ou = max{2,p,}. Choose a point, say p2, of A such 
that a; < pe. By repeating this process indefinitely, we get the sequence 
{pn} such that p, > n and p < po < p<... . Clearly, the sequence 
{Pn H, diverges to oo. It is easy to see that every subsequence of (ps IZ 
also diverges to oo. 


Theorem 2.3.10 If a non-empty set B has no lower bound, then there exists 
a sequence {qn}, of distinct points of B, that diverges to —oo. Further- 
more, every subsequence of qn, diverges to —oo. 


78 CHAPTER 2. LIMITS AND CONTINUITY 


Proof. Let A = {—x : x € B). Then A has no upper bound. By Theorem 
2.3.9, there exists a sequence {pn E? ,, of distinct points of A, that diverges to 
oo. Let qn = —Pn. Then {qn}; is a sequence that meets the requirements 
of the Theorem 2.3.10. Also, every subsequence of (q,)7*., diverges to —oo. 


Theorem 2.3.11 Let {pn}; be a sequence of points of a closed set S that 
converges to a point p of S. If f is a function that is continuous on S, then 
the sequence {f(pn)}?, converges to f(p). That is, continuous functions 
preserve convergence of sequences on closed sets. 


Proof. Let e > 0 be given. Since f is continuous at p, there exists a ô > 0 
such that 


f(x) — f(pl «e whenever |x—p| <ð, andzxe S. 


The open interval (p — ô, p +0) contains the limit point p of S. The sequence 
In, H, converges to p. There exists some natural numbers N such that for 
all n > N, 

p-ó«p,«p-ó. 


'Then 
|f(Pn) — f(p) «€ whenever n > N. 


By definition, £ f(pn) |; converges to f (p). We write this statement in the 
following notation: 


lim Zielt (Jim Pn) : 
That is, continuous functions allow the interchange of taking the limit and 
applying the function. This completes the proof of the theorem. 


Corollary 1 IfS is a closed and bounded interval |a, b], then Theorem 2.3.11 
is valid for |a, 5]. 


Theorem 2.3.12 Let a function f be defined and continuous on a closed 
and bounded set S. Let Rp — (f(x) :x € S). Then Ry is bounded. 


Proof. Suppose that R; has no upper bound. Then there exists a sequence 
f(x.) a, of distinct points of Ry, that diverges to oo. The set A = 
(ri,22,...) is an infinite subset of S. By Theorem 2.3.7, the set A has 
some limit point, say p. Since S is closed, p € S. There exists a sequence 


2.3. LIMITS AND SEQUENCES 79 


{pn}, of distinct points of A that converges to p. By the continuity of 
F Af (pa) Z] converges to f(p). Without loss of generality, we may assume 
that (f (pr), is a subsequence of £f(x,) |; +. Hence {f(pn)}°2, diverges 
to oo, and f(p) = oo. This is a contradiction, because f(p) is a real number. 
'This completes the proof of the theorem. 


Theorem 2.3.13 Let a function f be defined and continuous on a closed 
and bounded set S. Let Ry — (f(x) : x € S). Then Ry is a closed set. 


Proof. Let q be a limit point of Ry. Then there exists a sequence { f (£n) 4, 
of distinct points of Ry, that converges to q. As in Theorem 2.3.12, the set 
A = (21, 22,... | has a limit point p, p € S, and there exists a subsequence 
(Pn ką, of up, that converges to p. Since f is defined and continuous 
on S, 


q= lim f(pn) = f (Jim pn) = f(p). 


Therefore, q € R; and Ry is a closed set. This completes the proof of the 
theorem. 


Theorem 2.3.14 Let a function f be defined and continuous on a closed 
and bounded set S. Then there exist two numbers c; and © in S such that 
for all x € S, 


f(a) € f(x) € f(e). 


Proof. By Theorems 2.3.12 and 2.3.13, the range, Ry, of f is a closed and 
bounded set. Let 
m = glb(Ry) and M = lub(Ry). 


Since Fi; is a closed set, m and M are in Ry. Hence, there exist two numbers, 
say c and co, in S such that 


m = Tel and M = f(c2). 
This completes the proof of the theorem. 


Definition 2.3.10 A set S of real numbers is said to be compact, if and 
only if S is closed and bounded. 


Theorem 2.3.15 A continuous function maps compact subsets of its domain 
onto compact subsets of its range. 
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Proof. Theorems 2.3.13 and 2.3.14 together prove Theorem 2.1.15. 


Definition 2.3.11 Suppose that a function f is defined and continuous on 
a compact set S. A number m is said to be an absolute minimum of f on S 
if m < f(x) for all x € S and m= f(c) for some c in S. 

A number M is said to be an absolute maximum of f on S if M > f(x) 
for all z € S and M = f(d) for some d in S. 


Theorem 2.3.16 Suppose that a function f is continuous on a compact set 
S. Then there exist two points cy and co in S such that fie) is the absolute 
minimum and f(c) is the absolute maximum of f on S. 


Proof. Theorem 2.3.14 proves Theorem 2.3.16. 
Exercises 2.3 


1. Find lub(4), glb(4) and determine all of the limit points of A. 


(a) A={z:1< x° <2} 
(b) A= {zx : zsin(1/x), xz > 0} 
(c) A= (275: -8 < r < 8} 
(d) A={xz:2 < zr? < 5} 

) 


(e) A = (x : x is a rational number and 2 < x? < 5} 


2. Determine whether or not the following sequences converge. Find the 
limit of the convergent sequences. 


Se 
6 (rz), 
o [o ts]; 


vil. 
(9 +, 
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3. Show that the Dedekind-Cut Property is equivalent to the completeness 
property. 


4. Show that a convergent sequence cannot have more than one limit point. 


5. Show that the following principle of mathematical induction is valid: If 
1 € S, and k+1 € S whenever k € S, then S contains the set of all 
natural numbers. (Hint: Let A = (n : n £ S). A is bounded from below 
by 2. Let m = glb(A). Then k =m-— 1 € S but k+1 =m ¢ S. This is 
a contradiction.) 


6. Prove that every rational number is a limit point of the set of all rational 
numbers. 


7. Let (a4, V? , be a sequence of real numbers. Then 


(i) Lan, is said to be increasing if an < an, for all n. 
(ii) {an}; is said to be non-decreasing if an < an for all n. 


) 
) 
(iii) La, 2, is said to be non-increasing if an > an4ı for all n. 
(iv) (a4 2. is said to be decreasing if an > an+1 for all n. 

) 


(v) {an}; is said to be monotone if it is increasing, non-decreasing, 
non-increasing or decreasing. 


(a) Determine which sequences in Exercise 2 are monotone. 


(b) Show that every bounded monotone sequence converges to some 
point. 


(c) A sequence {b,,}°°_, is said to be a subsequence of the La, 2, if and 
only if every bm is equal to some a, and if 


bm; = an, and 054,920, and ni «m, then Mı < ma: 


That is, a subsequence preserves the order of the parent sequence. 
Show that if (a, 22, converges to p, then every subsequence of 
Jo, EZ, also converges to p 


(d) Show that a divergent sequence may contain one or more convergent 
sequences. 


82 


CHAPTER 2. LIMITS AND CONTINUITY 


(e) In problems 2(c) and 2(e), find two convergent subsequences of each. 
Do the parent sequences also converge? 


(Cauchy Criterion) A sequence (a; 4 is said to satisfy a Cauchy Crite- 
rion, or be a Cauchy sequence, if and only if for every e > 0, there exists 
some natural number N such that (a, — am) < € whenever n > N and 
m > N. Show that a sequence {a,}°°, converges if and only if it is a 
Cauchy sequence. (Hint: (i) If La, | converges to p, then for every e > 0 
there exists some N such that if n > N, then la, — p| < e/2. If m > N 
and n > N, then 


[as — am| = |(an — p) + (p — am)| 


< |an —P|+|dm=P| (why?) 
E € + € 

== E, 

DARO 


So, if {an} converges, then it is Cauchy. 


(ii) Suppose {an} is Cauchy. Let e > 0. Then there exists N > 0 such 
that 
la, — am| «€ whenever n> N andm> N. 


In particular, 
la, — an| «e whenever n> N. 


Argue that the sequence fa, E is bounded. Unless an element is repeated 
infinitely many times, the set consisting of elements of the sequence has a 
limit point. Either way, it has a convergent subsequence that converges, 
say to p. Then show that the Cauchy Criterion forces the parent sequence 
{an} to converge to p also.) 


Show that the set of all rational numbers is countable. (Hint: First show 
that the positive rationals are countable. List them in reduced form 
without repeating according to denominators, as follows: 


=| a 


wINNI w e| R 
wI Ed] OTF |] DN 


WlrRrmBlrRrR|o 
Wl] Ctr r2| WF | W 
wl N 

w | GO 

w 


2.8. LIMITS AND SEQUENCES 83 


10. 


11. 


12. 


Count them as shown, one-by-one. That is, list them as follows: 
11 3 5 2 1 1 
os ie = niż: 
(o ? 2 H 3 H 2 H H H 2 H 3 H A H 5 H ) 
Next, insert the negative rational right after its absolute value, as follows: 


1 1 1 1 
0,1, —1, > 9) PET. E . 
2 2 3 3 


Now assign the even natural numbers to the positive rationals and the 
odd natural numbers to the remaining rationals.) 


A non-empty set S has the property that if z € S, then there is some 
open interval (a, b) such that x € (a,b) C S. Show that the complement 
of S is closed and hence S is open. 
m (=p? 
Consider the sequence fan 25 = 
n n=l 
gent or divergent properties of the following sequences: 


Determine the conver- 


(a) {sin(an) pni 

(b) Joomla, (IZ 

(c) {tan(an) jn 

(d) teot(an) pn 

(e) {sec(an) pna 

(f) tese(an) pni 

Let 

(a) f(t) =2°,-2<2<2 
(b) $(z) 235, -2€ » € 2 
(c) h(z) = /m,0 € v € 4 
(d) p(x) = 11%, -8 < 2 X 8 


Find the absolute maximum and absolute minimum of each of the func- 
tions f, g, h, and p. Determine the points at which the absolute maximum 
and absolute minimum are reached. 
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13. A function f is said to have a fixed point p if f(p) — p. Determine all of 
the fixed points of the functions f, g, h, and p in Exercise 12. 


14. Determine the range of each of the functions in Exercise 12, and show 
that it is a closed and bounded set. 


2.4 Properties of Continuous Functions 


We recall that if two functions f and g are defined and continuous on a 
common domain D, then f +g, f —9, af -- bg, g- f are all continuous on 
D, for all real numbers a and b. Also, the quotient f/g is continuous for all 
x in D where g(x) 4 0. In section 2.3 we proved the following: 


(i) Continuous functions preserve convergence of sequences. 
(ii) Continuous functions map compact sets onto compact sets. 
(iii) If a function f is continuous on a closed and bounded interval [a, b], then 


(f(x): z € [a,b]} € [m, M], where m and M are absolute minimum and 
absolute maximum of f, on [a,b], respectively. 


Theorem 2.4.1 Suppose that a function f is defined and continuous on 
some open interval (a,b) and a < c « b. 


(i) If f(c) > 0, then there exists some 6 > 0 such that f(x) > 0 whenever 
Gc cup xg 


(u) If f(c) « 0, then there exists some 6 > 0 such that f(x) « 0 whenever 
C=) Sa EFA. 


1 
Proof. Let e = |f(c)|. For both cases (i) and (ii), e > 0. Since f is 


continuous at c and e > 0, there exists some 6 > 0 such that a < (c 0) < 
c<(c+6) < b and 


|f(z) — f(c)) «e whenever |x —c| <Q. 
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We observe that 


16) - Hol « ee MG) - FI « 5 IFO 
e -5 Will < fle) - Did < 5 IFO) 
e ft) - 5 FOI < fla) < f) + O 


1 1 
We note also that the numbers f(c) — P |f(c)| and f(c) + 2 |/(c)| have the 


same sign as f(c). Therefore, for all z such that Ir — c| < 0, we have f(x) > 0 
in part (i) and f(x) « 0 in part (ii) as required. This completes the proof. 


Theorem 2.4.2 Suppose that a function f is defined and continuous on 
some closed and bounded interval |a,b| such that either 


W fla) <0<JO) or (i) fO <0< fla) 
Then there exists some c such that a < c « b and f(c) =0. 
Proof. Part (i) Let A (x : z € la,b] and f(x) < 0). Then A is non- 
empty because it contains a. Since A is a subset of [a,b], A is bounded. Let 

= lub( A). We claim that f(c,) = 0. Suppose f(c,) 4 0. Then f(c) > 0 
or f(c) < 0. By Theorem 2.4.1, there exists 6 > 0 such that f(x) has the 
same sign as f(c,) for all z such that c — ô < x < cı + ô. 

If f(c1) < 0, then f(x) < 0 for all x such that c < x < cı + ô and hence 
c4 # lub(A). If f(c1) > 0, then f(x) > 0 for all z such that e; — ô < £ <q 
and hence c; 4 lub(A). This contradiction proves that Tel = 0. 


Part (ii) is proved by a similar argument. 
Example 2.4.1 Show that Theorem 2.4.2 guarantees the validity of the fol- 
lowing method of bisection for finding zeros of a continuous function f: 


Bisection Method: We wish to solve f(x) — 0 for x. 
Step 1. Locate two points such that f(a)f(b) < 


Step 2. Determine the sign of f E a +b) "n 
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1 1 
(i) If f G (a + ») = 0, stop the procedure; z(a + b) is a zero of f. 
> 1 1 
(ii) If f G (a + ») - f(a) < 0, then let a4 = a,b, = z(a +b). 
E: 1 1 
(iii) If f (5 a9) - f(b) « 0, then let a1 = 5 (a+b), b; =b. 


1 
Then f(aı)- f(b1) < 0, and |b, — a| = ; (b — a). 
Step 3. Repeat Step 2 and continue the loop between Step 2 and Step 3 until 
[bn — a4,|/2" < Tolerance Error. 


Then stop. 

This method is slow but it approximates the number c guaranteed by 
'Theorem 2.4.2. This method is used to get close enough to the zero. The 
switchover to the faster Newton's Method that will be discussed in the next 
section. 


Theorem 2.4.3 (Intermediate Value Theorem). Suppose that a function 
is defined and continuous on a closed and bounded interval |a, b]. Suppose 
further that there exists some real number k such that either (i) fla) < k < 
f(b) or (u) f(b) < k < f(a). Then there exists some c such that a < c < b 
and f(c) =K. 


Proof. Let g(x) = f(x) — k. Then g is continuous on [a,b] and either (i) 
g(a) < 0 < g(b) or (ii) g(b) < 0 < g(a). By Theorem 2.4.2, there exists some 
c such that a < c < b and g(c) = 0. Then 


0 = g(c) = f(c) - k 


and 
f()-k 


as required. This completes the proof. 
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Theorem 2.4.4 Suppose that a function f is defined and continuous on a 
closed and bounded interval [a,b]. Then there exist real numbers m and M 
such that 

WM = ATA <x <b}. 


That is, a continuous function f maps a closed and bounded interval |a, b] 
onto a closed and bounded interval |m, M]. 


Proof. By Theorem 2.3.14, there exist two numbers c, and c» in [a,b] such 
that for all z € [a,b], 


m = fla) € fu) S fla) = M. 


By the Intermediate Value Theorem (2.4.3), every real value between m and 
M is in the range of f contained in the interval with end points c, and c». 
Therefore, 

igh) = {f(x):a<zx <b}. 


Recall that m = absolute minimum and M = absolute maximum of f on 
[a,b]. This completes the proof of the theorem. 


Theorem 2.4.5 Suppose that a function f is continuous on an interval |a, b] 
and f has an inverse on [a,b]. Then f is either strictly increasing on |a, H 
or strictly decreasing on |a, b). 


Proof. Since f has in inverse on [a,b], f is a one-to-one function on (a, b]. 


So, f(a) Z f(b). Suppose that f(a) « f(b). Let 
A= (x : f is strictly increasing on Jo, zl and a € x < b}. 


Let c be the least upper bound of A. If c — b, then f is strictly increasing on 
la, b] and the proof is complete. If c = a, then there exists some d such that 
a « d « b and f(d) « f(a) « f(b). By the intermediate value theorem there 
must exist some x such that d < x < band f(x) = f(a). This contradicts the 
fact that f is one-to-one. Then a < c « b and there exists some d such that 
c«d «band f(a) « f(d) < f(c). By the intermediate value theorem there 
exists some x such that a < z < c and f(x) = f(c) and f is not one-to-one. 
It follows that c must equal b and f is strictly increasing on [a,b]. Similarly, 
if f(a) > f(b), f will be strictly decreasing on [a,b]. This completes the 
proof of the theorem. 
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Theorem 2.4.6 Suppose that a function f is continuous on [a,b] and f 


is one-to-one on |a,b]. Then the inverse of f exists and is continuous on 
J= {f(x):a<x <b}. 


Proof. By Theorem 2.4.4, J = |m, M] where m and M are the absolute 
minimum and the absolute maximum of f on fa, b]. Also, there exist numbers 
c, and cz on [a,b] such that fiel = m and f(co) = M. Since f is either 
strictly increasing or strictly decreasing on [a,b], either a = cı and b = cs 
Or a = c9 and b = cı. Consider the case where f is strictly increasing and 
a = &,b = c3. Let m « d « M and d = f(c). Then a « c « b. We show 
that f^! is continuous at d. Let e > 0 be such that a<che<c<c+ e2b. 
Let di = f(c— €«),da = f(c-- e). Since f is strictly increasing, dq < d < 
do. Let 6 = min(d — dı, də — d). It follows that if 0 < |y — d| < 6, then 
|f (y) — f^! (d)| < e and f^ is continuous at d. Similarly, we can prove the 
one-sided continuity of f^! at m and M. A similar argument will prove the 
continuity of f^! if f is strictly decreasing on [a,b]. 


Theorem 2.4.7 Suppose that a function f is continuous on an interval I 


and f is one-to-one on I. Then the inverse of f exists and is continuous on 
I. 


Proof. Let J = (f(x): x is in I}. By the intermediate value theorem 
J is also an interval. Let d be an interior point of J. Then there exists a 
closed interval [m, M] contained in I and m < d < M. Let cı = f(m), 2 = 
f (b), a = min(c, c2} Since the theorem is valid on [a,b], f^! is continuous 
at d. The end points can be treated in a similar way. This completes the 
proof of the theorem. (See the proof of Theorem 2.4.6). 


Theorem 2.4.8 (Fixed Point Theorem). Let f satisfy the conditions of 
Theorem 2.4.4. Suppose further that a <m < M < b, where m and M are 
the absolute minimum and absolute maximum, respectively, of f on [a,b]. 
Then there exists some p € |a, b] such that f(p) =p. That is, f has a fixed 
point p on |a, 0]. 


Proof. If f(a) = a, then a is a fixed point. If f(b) — b, then b is a fixed 
point. Suppose that neither a nor b is a fixed point of f. Then we define 


g(x) = f(x) — x 


for all x € [a,b]. 
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We observe that g(b) < 0 < g(a). By the Intermediate Value Theorem 
(2.4.3) there exists some p such that a < p< b and g(p) = 0. Then 


0 = g(p) = /(p) -p 


and hence, 
f(p) =p 
and p is a fixed point of f on [a,b]. This completes the proof. 


Remark 9 The Fixed Point Theorem (2.4.5) is the basis of the fixed point 
iteration methods that are used to locate zeros of continuous functions. We 
illustrate this concept by using Newton's Method as an example. 


Example 2.4.2 Consider f(x) = x? + 4x — 10. 

Since f(1) = —5 and f(2) = 6, by the Intermediate Value Theorem (2.4.3) 
there is some c such that 1 < c < 2 and f(c) = 0. We construct a function g 
whose fixed points agree with the zeros of f. In Newton's Method we used 
the following general formula: 


(a) 
slope( f(x), £) 


Note that if f(x) = 0, then g(x) = z, provided slope (f(x),x) 4 0. We first 
compute 


g(r) =x 


Slope(f(x), x) = lim 


[f(a +h) — f(x) 


[{(e+h)?+4(e +h) — 10} — (a? + Ax — 10} 


= lim — [32%h + 3xh*? + h? + 4h] 
= lim [3z? + 3xh +h? + 4] 
= 327 +4. 


We note that 3x? + 4 is never zero. So, Newton's Method is defined. 
The fixed point iteration is defined by the equation 


AE MIC 
"  slope(f(z),z,) 


Xn] = g(Xn) = 
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or 


aż + Ar, — 10 


Mów" mu 
TL 


Geometrically, we draw a tangent line at the point (£n, f(z,)) and label the 
x-coordinate of its point of intersection with the x-axis as £n+1- 


graph 


Tangent line: y— f(1n) =m(z — Zn) 


0 — f(tn) = Mansi — Un) 


Xn] = dn — = > 


where m = slope (f(x), tn) = 327 + 4. 

To begin the iteration we required a guess xg. This guess is generally 
obtained by using a few steps of the Bisection Method described in Example 
36. Let rg = 1.5. Next, we need a stopping rule. Let us say that we will 
stop when a few digits of z, do not change anymore. Let us stop when 


et we dU 


We will leave the computation of £1, £2, 13,... as an exercise. 


Remark 10 Newton's Method is fast and quite robust as long as the initial 
guess is chosen close enough to the intended zeros. 


Example 2.4.3 Consider the same equation (x? + 4x — 10 = 0) as in the 
preceding example. 
We solve for x in some way, such as, 


Są tog x 
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In this case the new equation is good enough for positive roots. We then 
define 


En+1 994,995: 1.5 


and stop when 


[Enyi — n| < 1074. 


We leave the computations of £1, £2, 13... as an exercise. Try to compare the 
number of iterations needed to get the same accuracy as Newton’s Method 
in the previous example. 


Exercises 2.4 


1. Perform the required iterations in the last two examples to approximate 
the roots of the equation x? + 4x — 10 = 0. 


2. Let f(x) = z — cosz. Then slope (f(x),x) = 1 -- sinz > 0 on [0,5 |. 
Approximate the zeros of f(a) on D d by Newton's Method: 


In — COS Ln 
Tn41 = PR RR 
1 + Sin tn 
and stop when 


Iz A < 1074. 


3. Let f(x) = x — 0.8 — 0.4sinz on D |: then slope (f(x),z) = 1 — 


0.4cosr > 0 on D zl Approximate the zero of f using Newton's 


Iteration 
Zn — 0.8 — 0.4 sin(z,) 


1 — 0.4cos(x,,) 


a Ta „£o = 0.5 


4. To avoid computing the slope function f, the Secant Method of iter- 
ation uses the slope of the line going through the previous two points 
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(tn, f(z4)) and Uran, f(@n41)) to define £n+2 as follows: Given zo and 
11, we define 


Jia) 
Leea drat) 


In+t1—In 


Un+2 = n41 — ( 


fen Cate) 


f(Tnę1 = fv.) 


'This method is slower than Newton's Method, but faster than the Bi- 
section. The big advantage is that we do not need to compute the slope 
function for f. The stopping rule can be the same as in Newton's Method. 
Use the secant Method for Exercises 2 and 3 with xy = 0.5, x; = 0.7 and 
[n41 — Ln| < 107% Compare the number of iterations needed with 
Newton's Method. 


Un+2 = n41 — 


Use the Bisection Method to compute the zero of 1*+4x — 10 on [1, 2] and 
compare the number of iterations needed for the stopping rule Iran — 
m < 1074. 


A set S is said to be connected if S is not the union of two non-empty 
sets A and B such that A contains no limit point of B and B contains 
no limit point of A. Show that every closed and bounded interval |a, b] 
is connected. 


(Hint: Assume that (a, b] is not connected and [a,b] = AU B, a € A, B A 
Ø as described in the problem. Let m = lub(A), M = glb(B). Argue 


1 
that m € A and m € B. Then n + M) € (AU B). The contradiction 


proves the result. 


Show that the Intermediate Value Theorem (2.4.3) guarantees that con- 
tinuous functions map connected sets onto connected sets. (Hint: Let 
S be connected and f be continuous on S. Let Ry = (f(x) : x € S}. 
Suppose R; = AU B, A # 0, B # 0, such that A contains no limit point 
of B and B contains no limit point of A. Let U — (x € S : f(x) € A}, 
V = {x€ S: f(x) € B}. Then S=UUV,U £0 and V £9. Since S 
is connected, either U contains a limit point of V or V contains a limit 
point of U. Suppose p € V and p is a limit point of U. Then choose a 
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sequence {un} that converges to p, u, € U. By continuity, {f(un)} con- 
verges to f(p). But f(u,) € A and f(p) € B. This is a contradiction.) 


8. Find all of the fixed points of the following: 


(a) f(x) — 2f, 

If ege ux 

(c) f(z) =27+3r4+1 

(d) f(z eu — 3r, —4<r<4 
(e) f(x) = sing 


(f) B= insi <o<5) 


2 2 
(g) B4 = (tano T Sw. z) 
(h) C; = [(—1,0) u (0, 1] 
WE (re) BA de BUE e dg e Si 


10. Suppose f is continuous on the set of all real numbers. Let the open 
interval (c, d) be contained in the range of f. Let 


A exc ed. 
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Show that A is an open set. 


(Hint: Let p € A. Then f(p) € (c,d). Choose e > 0 such that c < 
p—ec«p- e « d. Since f is continuous at p, there is 6 > O such that 
|f (x) — f(p)| < e whenever |x — p| < 6. This means that the open interval 
(p — 0,p +6) is contained in A. By definition, A is open. This proves 
that the inverse of a continuous function maps an open set onto an open 
set.) 


2.5 Limits and Infinity 


The convergence of a sequence (a, 7? , depends on the limit of a, as n tends 
to oo. 


Definition 2.5.1 Suppose that a function f is defined on an open interval 
(a,b) and a < c< b. Then we define the following limits: 


(i) lim f(x) = +00 


if and only if for every M > 0 there exists some ô > 0 such that f(x) > M 
whenever c— ô < x « c. 

(ii) lim. f(x) = +00 
if and only if for every M > 0 there exists some ô > 0 such that f(x) > M 
whenever c< z <c+0. 

(iii) lim f(x) = +oo 
if and only if for every M > 0 there exists some ô > 0 such that f(x) > M 
whenever 0 < |x — c| < ô. 

(iv) lim f(x) = —oo 
if and only if for every M > 0 there exists some 0 > 0 such that f(x) < 
—M whenever 0 < |x — c| < ô. 

(v) lim, f(x) = —oc 
if and only if for every M > 0 there exists some 0 > 0 such that f(x) < 
—M whenever c < x < c +ô. 
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(vi) lim f(z) = —00 


if and only if for every M > 0 there exists some 6 > 0 such that f(x) < 
—M wheneverchó<z<c. 


Definition 2.5.2 Suppose that a function f is defined for all real numbers. 


() lim f()-L 
if and only if for every e > 0 there exists some M > 0 such that |f (x) — 
L| < e whenever z > M. 

(i) lim He) m 
if and only if for every e > 0 there exists some M > 0 such that |f (x) — 
L| « e whenever z « —M. 

(iii) lim f(x) = œ 
if and only if for every M > 0 there exists some N > 0 such that 
f(x) > M whenever z > N. 

(iv) lim Fx) = —oo 
if and only if for every M > 0 there exists some N > 0 such that 
f(x) « —M whenever z > M. 

(v) lim f(rz)-—oo 
if and only if for every M > 0 there exists some N > 0 such that 
f(x) > M whenever z < —N. 

(vi) lim f(x)= —oo 
if and only if for every M > 0 there exists some N > 0 such that 
f(a) « —M whenever z < —N. 


Definition 2.5.3 The vertical line z = c is called a vertical asymptote to 
the graph of f if and only if either 
(i) lim f(x) = oo or —oo; or 


(ii) lim f(x) = oo or —oo; or both. 


rc 
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Definition 2.5.4 The horizontal line y — L is a horizontal asymptote to the 
graph of f if and only if 


lim f(x) — Lor lim f(x) = L, or both. 


z—00o0 


Example 2.5.1 Compute the following limits: 


sin x COS X 
i "T 
OSR: Qr Ber 
IEN a — 2 
een DE D +22 —3 
(v) lim R (vi) tim 13210 
z——oo Ari + 5r + 2 eme 29? T3039 


(i) We observe that —1 < sing < 1 and hence 


E i 1 
SE Fe Ee 


r—oco T c—oo T r—oco XL 


Hence, y = 0 is the horizontal asymptote and 


sin z 
= 0. 


%—00 z 


(ii) —1 € cosz € 1 and, by a similar argument as in part (i), 


cos £ 
= 0. 


lim 
Te z 


(iii) We divide the numerator and denominator by z? and then take the limit 


as follows: ; E 
+1 141 
jube PESEL A Sl au 
1—00 373 +10 zoo 37 + 10/72 
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(iv) We divide the numerator and denominator by x? and then take the limit 


as follows: 


gy 1— 2/23 


1 


liis wo ae m 
«6 toa a—-3J442/9-399 


y 


(v) We divide the numerator and denominator by z? and then take the limit 


as follows: 


20822 4x — T .  8xu+4/a— ffa? 
lim —— ———— = lim = 
zo 247+ 5r —2 ze 24+5/2+2/2? 


—00. 


(vi) We divide the numerator and denominator by z? and then take the limit 


as follows: 


_ —z* 4 3x — 10 00 —2? + 3/z — 10/2? 
lim = lim 
c——0 217 +30—5 «0 2+3/r-—5/r? 


Example 2.5.2 


-1)" +1 
(i) lim (“yr +1 = 
n— oo TV 
"€ n? n? .  n?-4n? — n? — 3n? 
(i) lim 4—— — = lim 


noo n? + In 12 


~ no 1+7/n + 12/m2 


ea REA 


noo n—>00 EE + ym) 
"=æ (Vn bd + yn) 


= —OQ. 
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"e n^  , (Wm sx 
(vi) lim sin ( ) does not exist because it oscillates: 
1+n? 2 


mA 0 ifn = 2m 
E (>) EAE Em Omal 
—] iín22m-43 


(v) lim el 


TN T 
noo 4 + 37 Pedee ngi 


(vi) lim (cos(nz)) = lim (—1)" does not exist. 


Exercises 2.5 Evaluate the following limits: 


Lua demi 
3 lim md 4 Ed tan(x) 
5. lim secz 6. lim cotz 
£5 z—0 
32? — Tz +5 
7. li 8. lim ———————— 
des jm 
c? +4 at og] 
9. li — 10. lim ————— 
enc EET NEN 2 z?--3r +2 
fi pg OD) ogg met DE CH 
1—00 n L>00 TL 
. |- 
ig. gor BU Vicus RF 
100 n L— Oo TU 
cos (2 
e pe PE) 16. lim tan (=) 
z—00 TU 100 TU 


Chapter 3 


Differentiation 


In Definition 2.2.2, we defined the slope function of a function f at c by 


slope( f(a),c) = im ZO 
Sie f(c+h) — fle) 
h—0 h t 


The slope (f(x),c) is called the derivative of f at c and is denoted f'(c). 
Thus, 


3.1 "The Derivative 


Definition 3.1.1 Let f be defined on a closed interval [a,b] and a < x < b. 
Then the derivative of f at x, denoted f'(x), is defined by 


f(x +h) — f(x) 
h 


F (2) = lim 


h—0 
whenever the limit exists. When f'(x) exists, we say that f is differentiable 


at z. At the end points a and b, we define one-sided derivatives as follows: 


O lat) = tim, FEIO L i He fy 


asar r—a h—0* 
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We call f'(a+) the right-hand derivative of f at a. 
" CENE diat 10. 
= =. 
QU Prae 2 x—b e h | 
We call f'(b) the left-hand derivative of f at b. 


Example 3.1.1 In Example 28 of Section 2.2, we proved that if f(x) = sin z, 
then f'(c) = slope (sin z, c) = cosc. Thus, f'(x) = cosz if f(x) = sin x. 


Example 3.1.2 In Example 29 of Section 2.2, we proved that if f(r) — 
cos z, then f'(c) = —sinc. Thus, f'(x) = —sinz if f(x) = cos z. 


Example 3.1.3 In Example 30 of Section 2.2, we proved that if f(r) = x” 
for a natural number n, then f'(c) = nc" !. Thus f'(x) = nz"-!, when 
f(x) = z”, for any natural number n. 

In order to find derivatives of functions obtained from the basic elemen- 
tary functions using the operations of addition, subtraction, multiplication 
and division, we state and prove the following theorem. 


Theorem 3.1.1 If f is differentiable at c, then f is continuous at c. The 
converse is false. 


Proof. Suppose that f is differentiable at c. Then 
lim 
zc L—-—C 


and f'(c) is a real number. So, 


in śe Hs (E) woj Wi 


zc zc LE 
q JU) fc) 
= lim EO lim(e — e) + f(e) 


= f'(c) -0+ fle) 
= f (o). 
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Therefore, if f is differentiable at c, then f is continuous at c. 
To prove that the converse is false we consider the function f(x) = |æ]. 
This function is continuous at z — 0. But 


mico! Oe 
"e 
qu (let Al ee + hl + el 
LE h(|x + Al + |z|) 
z” keck + R — r? 


= lim 

kä — h(|x +h] + |z|) 
: jr +h 
= lim ——— 

h=0 |x +h] |z| 
e EE 

|x 

1 forz>0 

=<-] forx <0 


undefined for z = 0. 


Thus, |z| is continuous at 0 but not differentiable at 0. This completes the 
proof of Theorem 3.1.1. 


Theorem 3.1.2 Suppose that functions f and g are defined on some open 
interval (a,b) and f'(x) and g'(x) exist at each point x in (a,b). Then 


(1) (f +9) (2) = Plz) + 9(x) (The Sum Rule) 

(ii) (f — gy (2) = fx) — g'(x) (The Difference Rule) 
(ui) (kf)(x) = kf'(x), for each constant k. (The Multiple Rule) 
(iv) (f - g)' (x) = F(x) - g(a) + f(x) -g (x) (The Product Rule) 


(v) (9) (x) = GM ,ifg(r)z0. (The Quotient Rule) 


Proof. 
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Part (i) (f +9) (zx) = lim [f(z +h) + g(x n — |f(x) + g(x)] 


sm LEFM=FO) , EELER 
h—0 h h—0 h 
= f'(x) + g'(x) 


[f(a + h) — gle + h)] — [f(x) — glo) 


Part (ii) (f — gf (2) = lim " 


AMA 
—0 h—0 


m gle +h) — g(x) 
h h 
= f'(x) — g'(x). 


Part (iii) (kf)!(x) = lim Kl" 2 — kf(2) 


= k- lim 
h—0 


f(x +h) — f(x) 
h 


Part (iv) 


Ho) — Pert ala +h) — Fose) 
(£-9)(0) = lim > 
= lim = [(f(@ +h) — Fle) gle + h) + Gr) (gs + h) — 9(2)) 


h 
f(x + h) — f(x) gla +h) — g(x) 
h 


E QUESTO 


= f'(x)g(z) + f(x)g'(x). 
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To emphasize the fact that the derivatives are taken with respect to the 
independent variable x, we use the following notation, as is customary: 


d 


fa) = = FE) 


Based on Theorem 3.1.2 and the definition of the derivative, we get the 
following theorem. 


Theorem 3.1.3 
d(k 
(i) a) = 0, where k is a real constant. 
i 
y d n n—1 
(it) 24 (x°) mal ^, for each real number x and natural number n. 
IE UM e 
(iii) m (sin x) = cosx, for all real numbers (radian measure) x. 
x 


(iv) L (cos r) = — sin x, for all real numbers (radian measure) z. 
i 


d 
(v) E (tan x) = sec? x, for all real numbers x z (2n + 1) > n = integer. 
z 
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d 
(vi) dz (cot x) = — esc? z, for all real numbers x A nr, n = integer. 
Ji 
PU T | 
(wii) 2 (sec x) = secr tan z, for all real numbers z £ (2n + 75; n — integer. 
z£ 


(viii) i (csc x) = — esc x cot x, for all real numbers z £ nr, n = integer. 
Proof. 
Part(i) Ak) = lim 2: 
Er 
= 0. 


Part (ii) For each natural n, we get 


(a) = lim EL (Binomial Expansion) 
(n — 1) 


1 
= lim — 5 kn" ae n al LPR? A = | 


n(n — 1) 


HE, © IEN) 
= lim |n: + 31 


ON 


Part (iii) By definition, we get 
sin(x +h) — sin z 
im 
h—0 h 
sin z cos h + cos z sin h — sin £ 


h—0 h 
-i sin h . 1 — cos h 
= lim COS T " sinc — 


= cosx : l — sing -0 


= COST 
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since 


, im ———=0. (Why?) 


Part (iv) By definition, we get 


cos(x + h) — cos x 


d ; 
— (cost) = lim 


da h 
1 
= lim — [cos z cos h — sin z sin h — cos x] 
h—0 h 
-T : sin h 1 — cos h 
= lim |—sing-—— — cosg S 
= —sinz-1-—cosr-0 (Why?) 
= — sin 7. 


Part (v) Using the quotient rule and parts (iii) and (iv), we get 


> (tanz) = id > 
da | dx Ácosz 


cos x (sin x)’ — sin z(cos x) 


(cos z)? 
| COS” a + sin? z 
cos? T 
1 
Ex e Why? 
cos? x (Why?) 


—secz, x X (2n+1)—,n= integer. 


SIE 
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Part (vi) Using the quotient rule and Parts (iii) and (iv), we get 


capies d (=) 


da dx Nsinz 
|. (sinz)(cos x)! — (cosz)(sin x)! 
5 (sin x)? 
— sin? x — cos? x hy? 
(sin x)? AŻ 
—1 
8 (sin x)? w 


=-cse?2, cv Ann, n= integer. 


Part (vii) Using the quotient rule and Parts (iii) and (iv), we get 


Z (seca) = E 
dx JE COS X 


E (cos z) -0 — 1: (cos x) 


(cos z)? 
_ 1 sing (Why?) 


COST COST 


T 


= secrtanz, x#(2n+1) 25 = integer. 


Part (viii) Using the quotient rule and Parts (iii) and (iv), we get 


ae (csc x) = > : 
da — dx Nsinz 


sinx-0—1- (sinx) 


(sin x)? 
1 — cos x 
= — — (Why?) 
sin x sin x 
= —csczcotz, x É mm,n = integer. 


This concludes the proof of Theorem 3.1.3. 
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Example 3.1.4 Compute the following derivatives: 


„ d 3 2 xe Ad | 
(i) mm (4x? — 3x* + 2x + 10) (ii) m (4sin z — 3cos z) 


a AE , 2 i d s 
(iii) zm (x sin x + z^ cos 1) (iv) ay (GH 5) 


Part (1) Using the sum, difference and constant multiple rules, we get 


d 3 2 ada d (2 iy 9 , 
q AP — 30 + 25 + 10) 24 4- (2) 3 (x^) 4 2d + 0 


= 121? — 6x + 2. 


Part (ii) i (4sin z — 3 cos x) = 4 £ (sinz) — 3 i (cos x) 
= 4cosx — 3(— sin x) 


= 4 cos x + 3 sin x. 


Part (iii) Using the sum and product rules, we get 
— (zsinz + x” coss) = — (xzsinz) + — Lei eme zl (Sum Rule) 
da ~ da dr 
"piene 
sing + zr — (sin zx) 
dx 


e (x?) cosa + a? i: (cos) 


= 1-sinz + g cos z + 2z cosg + z?^(— sin x) 


= sing + 3z cos z — z? sin x. 


108 CHAPTER 3. DIFFERENTIATION 


Part (iv). Using the sum and quotient rules, we get 


d e+ p^ eA) a so) eg 4 

r? +4)(3x7) — (22 -- 1) 2 x 
Le) to "^ 
zd + 12r? — 2x’ — 2x 
"Lo 
02567290 3-019097 — 2x 
"Lo 


(Why?) 


Exercises 3.1 


d 
1. From the definition, prove that = (zx?) = 32”. 
e 


1 —1 
2. From the definition, prove that d ( ) = : 
dr Xx 


Compute the following derivatives: 
3 i (1? — 4a” + Ta — 2) 4 E (4sin z + 2cos x — 3tanz) 
` dz ` dz 
2r 41 44 
NEL ZEE jes 
dx kt dx \3r+1 


d 
7. — (3xsin x + 42? cos x) 8. — (4tanz — 3sec 2) 


d d 
9. % (3 cot x + 5 esc x) 10. di (x? tang + z cot g) 


Recall that the equation of the line tangent to the graph of f at (c, f(c)) has 
slope f'(c) and equations. 


Tangent Line: y — flo) = f'(c)(z — c) 


The normal line has slope —1/ f'(c), if f'(c) 4 0 and has the equation: 
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—1 
Normal Line: y — f(c) = Fi (x — c). 
In each of the following, find the equation of the tangent line and the equation 
of the normal line for the graph of f at the given c. 


11. f(z) = zx’ +4r-— 12, c=1 12. f(x) sing, comb 

13. f(x) = cosg, c= 773 14. f(x) = tanz, c =rT/4 

15. f(x) = cotz, CERA 16. f(x) = secz, c= 71/3 

IT f(x) = cscz,c=r/6 18. f(x) =3sinx+4c0sx, c — 0. 


Recall that Newton’s Method solves f(x) = 0 for x by using the fixed point 
iteration algorithm: 


n+1 = glln) = Tn — , To given, 
VOTUM ES MESS 


with the stopping rule, for a given natural number m, 
Ing s [m 107”. 


In each of the following, set up Newton's Iteration and perform 3 calculations 
for a given x. 


19. f(x) = 2r — cosg , £o = 0.5 
20. f(x) =x? +2741, x = —0.5 


21. f(x) =x? 4 2*1 = 0, 2555 


22. Suppose that f'(c) exists. Compute each of the following limits in terms 


of f'(c) 


i) tm fe) fe CETELEDENHG 
fc - à) - £0 DEEG 
op 7 à) dm TE 
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23. Suppose that g is differentiable at c and 


CN 
n fixe 


MO = g (c) EEE 


Show that f is continuous at c. 


Suppose that a business produces and markets z units of a commercial 


item. Let 
C(x) = The total cost of producing z-units. 
p(x) = The sale price per item when z-units are on the market. 
R(x) = zp(x) = The revenue for selling x-units. 
P(x) = R(x) — C(x) = The gross profit for selling x-items. 
C'(1) = The marginal cost. 
R'(x) = The marginal revenue. 
(x) 


In each of the problems 24-26, use the given functions C(x) and p(x) and 
compute the revenue, profit, marginal cost, marginal revenue and marginal 
profit. 


24. C(x) = 100x — (0.2)x?, 0 < x < 5000, p(x) = 10 — x 
2 1 
25. C(x) = 5000 + =, 1 < x < 5000, p(x) = 20 + — 
2 e 
1 
26. C(x) = 1000 + Ar — 0.127, 1 € x € 2000, p(x) = 10 — — 
x 


In exercises 27-60, compute the derivative of the given function. 


27. f(x) = 4r? — 22? + 3x — 10 28. f(x) —2sinz —3cosz +4 
29. f(x) =3tanz — 4secz 30. f(x) =2cotz +3cscz 
31. f(x) = 2x” +4r +5 32. f(x) =x” ER 


33. f(x) = 3274/3 +317? +10 34. f(x) =2/r4+4 
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35. fa) = 36. Dal 4-5 ai 
37. du = xf — 4r? 38. f(x) = (x? + 2)(x? + 1) 
39. f(x) = (z + 2)(x — 4) 40. f(x) = (x? + 1)(2? — 1) 
4l. y=(22+1)sinz 42. WZW cosg 
43. y = (a? + 1)(x'° — 5) 44. y= Lanz 
45. y = (1/2 + Ach? — 5) 46. y = (2r +sinx)(x? + 4) 
47. y eges 48. y= x'(2sinz — 3 cos x) 
49. y = a?cotz —2r4-5 50. y= (x + sinz)(4 + csc x) 
51. y = (secx + tan z)(sin x + cos z) 52. y = z?(2cotz — 3cscz) 
53. jo Pe ko RE 

r2? +4 1 + cosx 

1/2 o" 

55. y= => 56. y= oe 

2 2,0 

| Gr 

TE artes 


3.2 The Chain Rule 


Suppose we have two functions, u and y, related by the equations: 


u=g(x) and y= f(u). 
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Then y = (f o 9)(x) = f(g(2)). 
The chain rule deals with the derivative of the composition and may be 
stated as the following theorem: 


Theorem 3.2.1 (The Chain Rule). Suppose that g is defined in an open 
interval I containing c, and f is defined in an open interval J containing 
g(c), such that g(x) is in J for all x in I. If g is differentiable at c, and f is 
differentiable at g(c), then the composition (f o g) is differentiable at c and 


(f o g)'(c) = f'(a(c)) - dch 
In general, if u = g(x) and y = f(u), then 
dy dy du 


dr du dm. 


Proof. Let F be defined on J such that 


= f'(g(c)) 
= F(g(c)). 


Therefore, F is continuous at g(c). By the definition of F, 
fu) — f(g(c)) = F(u)(u — (c) 
for all u in J. For each z in J, we let y = g(x) on J. Then 


(f og)(x) — (f o g)(c) 


(fo g)'(¢) = lim 


— pen JI) — Joie aal — gle) 
zc g(x) = g(c) TC 

= lim F(u): lim glz) = glo) 
ré me Ge 


= f'(g(c)) - g' (c). 
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It follows that fog is differentiable at c. The general result follows by replac- 
ing c by the independent variable x. This completes the proof of Theorem 
3.2.1. 


Example 3.2.1 Let y = u? + 1 and u = z? + 4. Then 


dy du 3 
es, 2 — = 
du g dx € 
Therefore, 
dy _ dy du 
dr du dx 
= 2u : 32” 
= 6z^(z? + 4) 


Using the composition notation, we get 


y = (az? +4) +1 = zf 823 +17 


and 
TY Z Ga? + 24a? 
= 6z? (a? + 4) 
Using 
(f o g) (x) = f'(g(z)) - g'(x), 
we see that 
(fog)(z)— (z? +4)? +1 

and 


(f og) (z) = f'(g(z)) - gin) 
= 2(x? + 4)! - (32?) 


= | 6x? (£? +4) |. 
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Example 3.2.2 Suppose that y = sin(x? + 3). 
We let u = x? + 3, and y = sinu. Then 


dy _ dy du 
dr du dz 
= (cos u)(2x) 


= (cos(x? + 3)) - (2x). 


Example 3.2.3 Suppose that y = w”, w = sinu + 3, and u = (4x + 1). 
Then 
dy dy dw du 
dr dw du dz 
= (2w) - (cosu) - 4 
= Św cos u 
= 8 [sin(4x + 1) + 3] - cos(4x + 1) - 4 
= 8(sin(4x + 1) + 3) : cos(4x + 1). 


If we express y in terms of x explicitly, then we get 


y = (sin(4r + 1) + 3)? 


and 


a; = 2lsin(de +1) +3) - ((cos(4a + 1)) -4+ 0) 
= 8(sin(4x + 1) +3) cos(4x + 1). 


Example 3.2.4 Suppose that y = (cos(3x + 1))?. Then 


U = 5(cos(3x + 1))* - (— sin(3z + 1)) - 3 


= —15(cos(3x + 1))* sin(3x + 1). 
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Example 3.2.5 Suppose that y = tan?(22? + 1). Then 


m = 3(tan*(2x” + 1)) - (sec? (2? + 1)) - 4x 


= 12x - tan?(2z? + 1) - sec?(2z? + 1). 


+1 
a2+1 


£- [6:9] [Ps] 


xr? +2z—1 ,(2+1 
— “yop Awe BC A 
(a? + 1)? a +1 


Example 3.2.6 Suppose that y = cot ( ) Then 


E 


Example 3.2.7 Suppose that y — sec (5 5 
SE pas ae 


Since the function y has a composition of several functions, let us define 
some intermediate functions. Let 


r? +1 
TF2 


y=secw, w =u’, and u= 


Then 
dy dy . dw : du 
dr dw du dz 
= [sec(w) tan(w)] - [3u?] - 


(z^ + 2) - 2x — (a? +1) - 42? 
(xt + 2)2 


= 3u? (sec w tan w) - 


cq gud EE EE E 
Lei? xt+2 zi +2 (x42) ^ 
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Example 3.2.8 Suppose that y = csc(2x + 5)!. Then 


dy 


da 


= [7 esc(2x + 5)* cot(2x + 5)*] - 


4(2x +5) -2 


= —8(2z + 5)? csc(2x + 5)* cot(2x + 5)*. 


d 
Exercises 3.2 Evaluate m for each of the following: 
x 


2» Se 2 3 

1. y= (2r — 5)? 2. y- [2 
3. y= sin(3z + 5) 4. y= cos(x? + 1) 
5. y= tan?(3z +1) 6. y — sec?(z? +1) 
7. y= cot^(2x — 4) 8. y = cs? (32? + 2) 

3r +1)” 2? 1M 
9. y= 10. y= 

d ES Y (5 3) 


11. y =sin(w), w =u’, u = (2x — 1) 
12. y — cos(w), w=u +1, u= (3x +5) 

2 3 1 
13. y = tan(w), w =v, ac +1, u= |= 

2 
14. y 2secw, w =v’, v= 2w? -— 1, u= > 
! E > E 13241 

15. y=cscw, w 23v +2, v=(ut1)3, u = (z? +3)? 


In exercises 16-30, compute the derivative of the given function. 


$4 


Ke 
16. y= (5 d 


y 


17. y= (x? — 1)! 
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18. y = (x? r4 2) 19. y= (2sint — 3cost)? 
20. y = (224 + xt) 21. y= (z! EMP 

22. y = sin(3z + 2) 23. y = cos(3z? + 1) 

24. y =sin(2x) cos(3z) 25. y =sec2x + tan 3x 

26. y =sec2x tan 3x 27. y= (x? - 1)?sin2x 

28. y= rsin(1/z?) 29. y = sin?(3x) + sec*(5x) 


30. y = cot(z?) + csc(3x) 


In exercises 31-60, assume that 


A. esu arias d 
LETS (b) + 


() E (0) =0%Imb (e) © (loga) = 


(a) (=e — (Q9 É (naj=> 


1 
for b > 0 and b Æ 1. 
xlnb 


Compute the derivative of the given function. 


3l. y — sinhx 32. y= cosh zx 

33. y= tanh & 34. y= coth z 

35. y = sech x 36. y — csch x 

37. y — In(14 x) 38. y= In(1— z) 

39. y= 5m (T=) 40. y= ln (x+ V2? +1) 
2 L-ka 

41. y=ln (x + Va? — 1) 42. y= ze 


43. y = 53e 44. y — CT sin4r 
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45. y = e" (2sin 3x — 4 cos 5x) 46. y — ze " +4e 


47, EE 48. y = 10679 

49. y= 1082" 50. y= Are 

51. y = logjg(z? + 10) 52. y = logs(z? sin x + x) 
53. y = In(sin(e?”)) 54. y=1n(1+e”*) 

55. y = In(cos z + 2) 56. y = In(In(z? + 4)) 
RA d ES 5) } 58. y = (1 + sin? em 

59. y = In(sec2x + tan 2) 60. y= In(csc3zx — cot 3x) 


3.3 Differentiation of Inverse Functions 


One of the applications of the chain rule is to compute the derivatives of 
inverse functions. We state the exact result as the following theorem: 


Theorem 3.3.1 Suppose that a function f has an inverse, f^! , on an open 
interval I. If u = f! (x), then 


„du 1 
We 


W GO = aan FO 


Proof. By comparison, z = f(f7*(x)) = x. Hence, by the chain rule 


12428. 


=F = PU) 07) 
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and 1 
-ly EN 
EI FA 
In the u = f~'(x) notation, we have 
du 1 
da (m) 
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Remark 11 In Examples 76-81, we assume that the inverse trigonometric 


functions are differentiable. 


Example 3.3.1 Let u = arcsinz, —1 € x < 1, and — 
x — sinu and by the chain rule, we get 
je da — d(sinu) du 
de du dx 
du 
= cosu- — 
dx 
du 1 
dr  cosu` 
Therefore, 
: 1 T T 
— (arcsin z) = y TF <u< >, 
dx COS U 2 2 
1 
= (Why?) 
1 —sin?u 
1 
= , -l<a<l Why? 
ae (Why 
Thus, 


1 
— (arcsin z) = 4ELEGEL 


dx V1— x? 


We note that x = +1 are excluded. 
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Example 3.3.2 Let u = arccosz, —1 € x < 1, and 0 € u € m. Then 
x = cos and 


dx f du 
= — =-—sinu — 
d dx 
du 1 
— = -—, 0<u<T 
dx sin u 
1 
———————,.0«ucm Why? 
y1 — cos? u WEN 
1 
= —_—, -l<a2<l. Why? 
VI BO 
We note again that x = +1 are excluded. 
Thus, 
a ( ) = lune 
— (arccos x) = ————, — T y 
dx V1— 2’ 


Example 3.3.3 Let u = arctanz, —oo « x « oo, and S ZU 5 Then, 


T T 
x=tanu, =73<u<-= 


2 2 
dx du T 
1= = (sec? RU 
T (sec u), qe > 5 u E 
du 1 
dr secu 
1 
= cuc 
1+tanżu 2 j 2 
1 
z | zy OO < T < 00 
Therefore, 
1 
— (arctan 1) = ——~, —oo < x < oo. 
UE DE 
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Example 3.3.4 Let u = arcsec x, z € (—oo, —1] U [1, oo) and 
uE D z) U E . Then, 


x= secu 
Les a = secu tan u gh uc jo 5) U E d 
"dz dx’ "9 2’ 
du 1 z (o >) y (5 ) 
= u Lea mudo 
dr  secutanu' 2 2 
1 
> Why the absolute value? 
| sec u| sec? u — 1 d 
1 
= —————, x €(—oo,—1)U (1,00). 
ATA (-00, —1) U (1,00) 
Thus, 
1 
— (arcsec x) = — =, & € (00,1) U (1,66). 
q (reos) = pg, © € (0—1) U (Lo) 


Example 3.3.5 Let u = arccsc z, x € (—oo, —1] U [1, oo), and 
ue |-2.0) U (o. zl Then, 


2 
T T 
JEDNE 
x CSC H ue | 2 2 
= E = —cscucotu du uc |-5 0) U (o Z] 
da da? 2 i 
du —1 —T T 
A ve(0)u(0,2), y 
dr  cscucotu “ (5 ) 2 ENDS) 
1 
= Why? 
| csc u| y csc? u — 1 Nay) 
1 
= —————2, 1€(-o,-1)U(1,00). 
EN c "SERCOWY 
Note that z = +1 are excluded. 
Thus, 
© (arecsc a) = ==, a € (-00,1]U (1,09) 
— (arccsc x) = ————, T —00, ,00). 
dx czyz? — 1 
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Example 3.3.6 Let u = arccot z, z € (—00,0] U [0, oo) and 
T T 
uc (0.5 U Ga Then 


2 
T T 
x=cotu, u€ (0. >| U E 


2 2 
and 
dx T T 
¡ect Hae (aS) uff) 
Se csc (u) 7 uc 0,5 U p 
du —1 e (o ula ) 
— — — —.T 
dr  cscu' S 52 PE 
"Trey ve (05) 4) 
Ee "2 pe 
—1 
EEC. x € (—oo, 0] U [0, oo) 
Therefore, 
© (arecota) = 5, x € (=00,0]U [0, oc) 
— (arccotz)=—, mx €(—oo 00). 
dx 1+ 122 á , 


The results of these examples are summarized in the following theorem: 


Theorem 3.3.2 (The Inverse Trigonometric Functions) The following dif- 
ferentiation formulas are valid for the inverse trigonometric functions: 


d 1 
(1) ES (arcsin z) — em -l<a<l. 
(i) © (arecosz) = +, ane) 
ii) — (arccosx) = —==, —-1««x 
da oi! 
(itt) © (arctan) = — T: 
iii) — (arctan z) = — 
arctan’) = q gr —00 < © « 00 
—-1 
(iv) — (arccot z) = prz? =00 < £ < oo 
(v) Sg ) z <x<-—1 Lee 
v) — (arcsec z) = — =, —oo«r«-1 or © < CO: 
da al Vx? — 1’ 
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zl 


(vi) d ( ) <x<-l or 1<TI<w 
vi) — (arccsc z) = —————, 00 < T < — | 
da [2] yx? — 1 


Proof. Proof of Theorem 3.3.2 is outlined in Examples 76-80. 
Theorem 3.3.3 (Logarithmic and Exponential Functions) 


(1) L (ln z) = - for all x » 0. 
TE 
(ii) dz (e?) = ef for all real x. 
(iii) a (log, £) = ER for all x » 0 and b Z 1. 
da xlnb 
(iv) L (b^) = b" (ln b) for all real x, b > 0 and b Z 1. 


(0) © (ula) (o (a) mt) + vo) 2), 


Proof. Proof of Theorem 3.3.3 is outlined in the proofs of Theorems 5.5.1- 
5.5.5. We illustrate the proofs of parts (iii), (iv) and (v) here. 


Part (iii) By definition for all x > 0, b > 0 and b Z 1, 


Ing 


l =>. 
i Inb 


Then, 


Part (iv) By definition, for real z, b > 0 and b Z 1, 


b” = erin’ 
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Therefore, 
d EN EE d rlnb 
P A 
d 
SE T (x In b) (by the chain rule) 
d 
= b” In b. (Why?) 
Part (v) 


v(z) __ d 
as iue) ees ce 


= eM [ua infula) + ola) DÉI 


[ev In(u(z)) y 


= (u(x) p ® fva) In u(x) + v(x) 


Example 3.3.7 Let y = log¡p(1? + 1). Then 


d j dales +1) 
à (ogule? +1))= zz (org 


1 1 
In 10 (X 8 (by t e chain ru e) 


n 2x 
— (12 + 1)In 107 


Example 3.3.8 Let y =e" t!. Then, by the chain rule, we get 


dy 241 
— =e " .20 
dx 

+1 


2 
=2re* t. 
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Example 3.3.9 Let y = 10^*?7*9, By definition and the chain rule, we 
get 
dy _ 


a 106 Fee. tg 10) Br 
X 


Example 3.3.10 


d 2 
= (x? +1)? = (z? gl" (echte +1) +sinz: zu 
- (gie eeu tą EBRO = geinein(e? +1) , cosz In(z? + 1) + sinz - — — 
da da x? +1 
: 2x sin z 
= 2 j)sine l 2 1 : 
(z^ +1) cos z ln(z ) SE 


Theorem 3.3.4 (Differentiation of Hyperbolic Functions) 


d d 

(1) xm (sinh x) = cosh x (it) a (cosh x) = sinh x 

(iii) s (tanh £) = sech? (iv) a (cotha) = —csch?z 

iii) 7, (tanh s) = sech z v) = 

(v) EA (sech x) = —sech x tanh x (vi) L (esch x) = —csch x coth x 
qq Geh 2) = dz = 

Proof. 

Part (i) 


= - Lef —e *(-1)) (by the chain rule) 
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Part (ii) 
(cosh z) = L (e* + e?) 
coshz) = — | (e 
= > (e Pe * (y) (by the chain rule) 
1 
code 7 9 
— sinh x. 
Part (iii) 


d d (e-e 
kos hz) = 
dx onu) da (> + 2 


z (e* +e *)(e* +e *) — (e” — e *)(e* — e) 


(e? + e" 7)? 
a 4 
(er + e")? 
9 2 
= sech?z. 


Part (iv) 


d d 2 
= aS 
dx Ge dr (= E =) 


E om i-e e”) 
= (ez + e77)? 

2 ere” 
= —sech x tanh z. 


x 
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Part (v) 
d d [e+e 
— hd) 0 
dx o dx E — =) a 
MAA CACA 
e (ez = e 2)? 
—4 
= (e* —e-*)2 ’ «#0 
2 
(ein) o 
et = e t 
= —esch?r , v 4 0. 
Part (vi) 


d d 2 
qe 6a) -  ( Js EA 


e" => ent 
(e —e*)-0— 2(e* + e7?) 
= (ez — ez "zU 
2 x = 
mE e +e aM zi 0 


e? — eg-* gl pz 
= —csch g cothz, «#40. 


Theorem 3.3.5 (Inverse Hyperbolic Functions) 


d 1 
(i) Go ae 

d 1 
(ii) qq (arecosh x) = E a wl 
(i) E (aretanha)= Zen, ei 
iii) q, (arctanha)= 173, le 


teo 
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Part (i) 
d d 
GE 1 = | | 2 
Tz (arcsinh x) di ln(x + V14 22) 
: [ = | (by chain rule) 
= ; chain rule 
c+yvl+a? V14+2? d 
" 1 RB HD 
c+vl+a  vl+a? 
1 
EE 
Part (ii) 
d d 
— (arccoshz) = — ln(z + vz? —-1), x>1 
dx dx 
1 
= ( | Z ) , «&>0 
z+vzr?-—1 z2—1 
1 ycd —1+2 0 
= A, 
+ ya*—1 x? —1 
1 
= „c>0 
z?—1 
Part (iii) 


d 
ES (arctanh 1) = 


Gute, ei 
| 


In(14- z) — In(1 — A » Jade 


NI NIe NIe GQ Q 
Sla Fla 
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d 
Exercises 3.3 Compute m for each of the following: 
z 


leg 
1. y= ln(x? +1 2.4 —414n]——].-li€z«l 
y = In(z^ + 1) y=ln (i S d x 
3. y =logo(z) 4. y= logs(z? + 1) 
5. y= log;g(3x + 1) 6. y = logyg(z? + 4) 
[c3 SA a 5: y= e” 
1 1 
9. y= (6-267) 10. y= 5 EET) 
2 2 
MET d 2 
11. = —1————3 12. y = — 
y e? 4 pa? y eg | pa? 
2 2 
13. y = -=—3 Diae eL 
e" —e e" Le 
: X x 
15. y — arcsin (=) 16. y = arccos (=) 
2 3 
17. y = arctan (=) 18. y = arccot (=) 
5 7 
19. y = arcsec (=) 20. y = arccsc (=) 
2 3 
21. y = 3sinh(2x) + 4 cosh 3x 22. y = e*(3sin2z + 4cos2z) 
23. y = e *(Asin3x — 3 cos 3x) 24. y= Asinh 2x + 3cosh 2x 
25. y = 3tanh(2z) — 7 coth (2x) 26. y = 3sech (5x) + Acsch (3x) 
27. y — 107 28. y = 26+) 


29. y= 564+?) 30. y= 352 
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aL y = deeem 32. y= 10569) 

33. y= 2*7 34. y = 1082) 

35. y = 46) 36. y = e *(2sin(z?) + 3 cos(z?)) 
37. y — arcsinh (=) 38. y = arccosh (=) 

39. y = arctan (7) 40. y — x arcsinh (5) 


In exercises 41-50, use the following procedure to compute the derivative of 
the given functions: 


1 NOCE L jes m) 
= eremo. lote) mfa) + sta) E| 
= GOO. IDAS |. 
Al. y — (x? +4)” 42. y= (2 + sinx)?** 
43. y =(3+cosx)sm2” 44. y= (zx? 4) 
45. y — (1 gis 46. y = (144% 
47. y=(2sinx + 3cosz)* 48. y= (14- Inz)!/* 
49. y= (1 + sinh)" 50. y = (sinh? z + cosh? z)” *3 


3.4 Implicit Differentiation 


So far we have dealt with explicit functions such as x”, sin z, cos z, ln z, e”, sinh x 
and cosh z etc. In applications, two variables can be related by an equation 
such as 
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(i) 22+y?= 16 (ii) £? +y? = 4xy (iii) x sin y+cos 3y = sin 2y. 


In such cases, it is not always practical or desirable to solve for one variable 
explicitly in terms of the other to compute derivatives. Instead, we may 
implicitly assume that y is some function of x and differentiate each term of 
the equation with respect to x. Then we solve for y”, noting any conditions 
under which the derivative may or may not exist. This process is called 
implicit differentiation. We illustrate it by examples. 


d 
Example 3.4.1 Find T if à? + y? = 16. 
MH 


Assuming that y is to be considered as a function of z, we differentiate 
each term of the equation with respect to z. 


graph 


MENS d o d 
p (z rr (y^) 35 (16) 
2x + 2y (2) =0 (Why?) 
dy 
a) 
Y dz i 
U = z" , provided y Z 0. 


We observe that there are two points, namely (4, 0) and (—4,0) that satisfy 
the equation. At each of these points, the tangent line is vertical and hence, 
has no slope. 

If we solve for y in terms of z, we get two solutions, each representing a 
function of x: 


y-(16—2?)? or us —(16 — r?°)". 
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On differentiating each function with respect to x, we get, respectively, 


dy 1 


OY 5 (16 — q72)-1/2 
2. 75 2 20 
dy /— x | 
da (16—22)/2" 
d 

ese peti Or 
da y 


d 1 
2r); or m = —5 (16 — a?) A (-23) 
x 
9 —(16 — 232 
d c 
m — ig E 0. 
Y y 


In each case, the final form is the same as obtained by implicit differentiation. 


d 
Example 3.4.2 Compute dz for the equation x? + y? = Ärm. 
m 


As in Example 2.4.1, we differentiate each term with respect to r, assum- 


ing that y is a function of z. 


dy d d 
ES (1%) + a; = qq (44) 
dy dx dy 
2 2] 05 | _ MA T 2 
Ar" + 3y H E: y+r 2 (Why?) 
d d 
(3y?) m — Ar^ = 4y — 32° (Why?) 
(3y? — 4x) U = 4y — 32 (Why?) 
dy 4y—32? , 
m z Ss zu „if 3y? — 4r 40. (Why?) 


This differentiation formula is valid for all points (x,y) on the given curve, 


where 3y? — 4x 4 0. 


d 
Example 3.4.3 Compute T for the equation x sin y + cos3y = sin 2y. In 
T 


this example, it certainly is not desirable to solve for y explicitly in terms of 
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x. We consider y to be a function of z, differentiate each term of the equation 
with respect to z and then algebraically solve for y in terms of x and y. 


L (xsiny) + zm (cos 3y) — i: (sin 2y) 
(=) (siny) + z i: (sin y) | + (—3sin 3y) ^ = (cos 2y) (222) 
dy E dy ` dy 
sin y + x(cos y) mc 3sin(3y) = (2 cos 2y) E 


d 
Upon collecting all terms containing m on the left-side, we get 
a 


d 
[x cos y — 3sin 3y — 2 cos 2y] TS — siny 


dx 
dy _ sin y 
dr ucosy—3sin3y-—2cos2y 
whenever 
x: cosy — 3sin 3y — 2cos2y Æ 0. 
d — 2)? — 3)? 
Example 3.4.4 Find a for S i (y — 3) EL 


a 
On differentiating each term with respect to x, we get 


graph 


2 2 dy 
AT (9-9 5. 
dy 2(r—2)/9 . 
= f 
i oy she r 
PRICE eligen 


9(y—3) ' 
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The tangent lines are vertical at (—1,3) and (5,3). The graph of this equation 
is an ellipse. 


d 
Example 3.4.5 Find T for the astroid z” + y?/3 = 16. 
z 


graph 


d (x?) BS d (y?) ext) 


dx dx 
2 2 d 
SE EE ae jj = 0 ifr #0 and y 40 
d “ts 2 S 
E == (2) , if x #0 and y 0. 


d 
Example 3.4.6 Find » for the lemniscate with equation (x? + y?) = 
x 
A(x? — y?). 


graph 
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d 
[4y(x? + y?) + 8y] m = 8x — Ax (a? + y?) (Why?) 
dy ` 8x — 4x(z? + y?) 


= if Ay(z? +y?) + 8y £0 0. 
"E E OZ? yw +y") + 8y F0,yF# 


Example 3.4.7 Find the equations of the tangent and normal lines at (xo, yo) 
to the graph of an ellipse of the form 


(PP, w- 


2 m 1. 


First, we find di by implicit differentiation as follows: 
T 


Z (EZ | = (>) Z (1) 


2 2 dy 
aht a (wk), =0 
dy 2 


b 
ur NN, SG fy A DE 


um 
2 (=) rM 


It is clear that at (a + h, k) and (—a + h, k), the tangent lines are vertical 
and have the equations 


t=ath and z=-—az+h. 


Let (xo, yo) be a point on the ellipse such that yo Z k. Then the equation of 
the line tangent to the ellipse at (xo, yo) is 


y H (och (x — zg) 
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We may express this in the form 
(y — vo)(yo — k) , (x — vo)(xo — h) 
p? a? 
By rearranging some terms, we can simplify the equation in the following 
traditional form: 


=0. 


STEE 
(y — k)(yo — k) (z — h)(zo — h) Z (zo — hy? , (yo—k)" _ 
p? | a? a2 | p? ; 
(y= (yo - E) | (6- o —h) 
p? | a? | 


d 
Exercises 3.4 In each of the following, find m by implicit differentiation. 


> 
1. y? + 3ry + 22? = 16 2. 23/4 + 9/4 = 1038/4 
3. 2° +4ay? + 3y* = 8 4. sin(x — y) = z?ycosz 
Sog Sog 
pozie NE ee 
4 9 16 id 9 


Find the equation of the line tangent to the graph of the given equation at 
the given point. 


qe y? 2/5 
 —+—=]1 2, —— 
7 o KE „(e 3 
x? y 3 
zost A 
9 4 at (3 v5.1) 

3 

9. ay? = (y+ 1)*(9 — y?) at (5 V5, 2) 


10. y? = 2? (4 — x) at (2,4) 
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Two curves are said to be orthogonal at each point (xo, yo) of their intersection 
if their tangent lines are perpendicular. Show that the following families of 
curves are orthogonal. 


11. z2-3?—7?^, y 4- mz «0 


12. (£x — h}? +y? =h, r? + (y —k)? = k? 


Compute y' and y” in exercises 13-20. 


13. 4x? + 9y? = 36 14. 4x? — 9y? = 36 

15. z3 +y? = 16 16. z? +y? =a? 

17. x? +4ry +y = 6 18. sin(xy) = z? + y? 
19. z*-r2z?^y? + 4y4 = 26 20. (224 y)? = 1? — y? 


3.5 Higher Order Derivatives 


If the vertical height y of an object is a function f of time t, then y'(t) is 
called its velocity, denoted v(t). The derivative v'(t) is called the acceleration 
of the object and is denoted a(t). That is, 


We say that a(t) is the second derivative of y, with respect to t, and write 


d? 
y'(t) =a(t) or Wu = a(t). 
Derivatives of order two or more are called higher derivatives and are repre- 
sented by the following notation: 
dy d^y dy 
, ERA H A HI e (n) 
y (o) = 3. 4 (0)= Fa Y Wilz: Y (x) 


The definition is given as follows by induction: 


df d (4) cpu. d = 


da? E dx Ndz dar dx Adan 


_ dry 
dan 


) 23400. 
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A convenient notation is df 
(n) do 
foa) = E 


which is read as “the nth derivative of f with respect to x." 


Example 3.5.1 Compute the second derivative y" for each of the following 
functions: 


(i) y =sin(3x) (ii) y = cos(4z?) (iii) y = tan(3z) 


(iv) y = cot(5x) (v) y = sec(2x) (vi) y = csc(x?) 


Part (i) y = 3cos(3x), y" = —9sin(3x) 
Part (ii) y = —8xsin(4z?), y" = —8[sin(4z?) + z - (8r) - cos(4z?)] 
Part(iii) y = 3sec? (3x), y" = 3|2sec(3x) - sec(3x) tan(3x) - 3] 


y" = 18sec? (3x) tan(3x) 


Part(iv) y =—5csc*(5x), y" = —10csc(5x)((— csc 5x cot 5x) - 5] 


y" = 50 csc?(5x) cot(5x) 


Part(v) y! = 2sec(2x) tan(2x) 
y" = 2|(2sec(2x) tan(2z)) - tan(2x) + sec(2x) - (2 sec?(2z))] 


y" = 4sec(2x) tan? (2x) + 4sec*(2x) 


Part(vi) y' = —2x csc(x?) cot(z?) 


y" = —2[1 - csc(z?) cot(x?) + x(—2z esc(x?) cot(x?)) - cot (x?) 
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+ z esc(z?) - (—2x esc? (2?))] 


= —2csc(x?) cot(x?) + 4x? csc(z?) cot?(x?) + Ax? esc? (x?) 


Example 3.5.2 Compute the second order derivative of each of the follow- 
ing functions: 


(i) y = sinh(3x) (11) y = cosh(z?) (iii) y = tanh(2x) 


(iv) y = coth(4x) (v) y =sech(5z) (vi) y = ecsch(10z) 


Part (i) y =3cosh(3x), y" = 9sinh(3x) 

Part (ii) y = 2rsinh(z?), y" = 2sinh(z?) + 2z(2x cosh x”) or 
y" = 2sinh(z?) + 4x? cosh(z?) 

Part (iii) y! = 2 sech? (2x), y" = 2- (2 sech(2x) - (—sech(2x) tanh(2x) - 2)), 
y" = —8 sech?’ (2x) tanh(2z) 

Part (iv) y! = —4 csch?(Az), y” = —4(2(csch(4x)) - (—csch(4z) coth(4z) - 4)) 
y" = 32 csch?(4x) coth(4x) 

Part (v) y' = —5 sech (5x) tanh(5x) 
y! = —b5[-5 sech(5z) tanh(5x) - tanh(5x) + sech(5x) - sech*(5x) - 5] 
y = 25 sech(5z) tanh?(5x) — 25 sech? (5x). 

Part (vi) yy = —10 csch(10x) coth(10z) 


y" = —10|-10 escht Le) coth(10x) - coth(10x) 
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+ csch(10x)(—10 csch^(102))] 


y" = 100 csch(10z) coth?(10x) + 100 csch?(10z) 


Example 3.5.3 Compute the second order derivatives for the following func- 
tions: 


i) y= ln(z? ii y= e” iii) logjọ(£? + 1 
10 
(iv) y — 10* (v) y= arcsin x (vi) y = arctan x 
2x 2 
Part i) y = = = Ż ATI 
art (i) y 35 E 
—2 
mo =2_ 


Part (ii) y Mme, y = Że” + date” = (24 Aler. 


Part (iii) y = 


1 25 „o 2 MD ae 
mi0 «+1 "big (122 + 12 


"DS 1 — q? 
Y = nlo (GF 1? 
Part (iv) y = 10” - (In10) - 2x 


y" = 21n 10[107 + z - 10% In 10 - 2z] 


y" = 107 [21n 10 + (21n 10)?2?] 


1 


V z (1 e SIS 
— E 


Part (u) y = 
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-1 
y! = m (1-20) 


Example 3.5.4 Compute the second derivatives of the following functions: 


(i) y — arcsinh x (ii) y = arccosh x (iii) y = arctanh x 


From Section 1.4, we recall that 
arcsinh z = ln(x + v1 + 2?) 
arccosh x = ln(x + /z22—1),z 21 


1 1 
arctanh z = ; al =) = — [In(14- z) - In(1— z)], |z| < 1. 


leg 2 
Then 
Part (i) 
do 1 
A a? 
3 d 
, 2)—1/2 
T (arcsinh z) = dz (Leg?) 
xx 
SEN (2x) (1 + z?) 


£ 
(F 227 
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Part (ii) 
R sl 
ye 
d? d 
d (arccosh z) — di GET TE 
= — (ne? — 1) 37 
E 
z SS zl 
Part (iii) 
1 
y= erc |z| « 1 


S d 
— (arctanhz) = — (1—x 
E da 


= (-9(1- s^) *(-2x) 


a Ba 


Example 3.5.5 Find y” for the equation x? + y? = 4. 
First, we find y' by implicit differentiation. 


2x + Żyy = 0 żę. 
y 


Now, we differentiate again with respect to z. 


ys ay 
y" EE " 
= oe (replace y” by —z/y) 
DEN 
y +r 
4 


=== (since z? + y? = 4) 
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Example 3.5.6 Compute y” for x? + y? = 4zy. 
From Example 25 in the last section we found that 


y 4y— 32? 


== if 3y —4a £0. 
3y? — Ax HS m 


To find y", we differentiate y with respect to z to get 


yz: (3y? — 4x) (4y' — 32?) — (4y — 3x7) (6yy' — 4) 


3y? — 4a £ 0. 


In order to simplify any further, we must first replace y” by its computed 
value. We leave this as an exercise. 


Example 3.5.7 Compute f™ (c) for the given f and c and all natural num- 
bers n: 


(i) Par) o SUE H (i) JD) 605%, x =0 (Gii) f(x) = ln(x), c=1 
(v) Je) eset (v) f(x)=sinhz, c=0 (vi) f(x) = cosh z, x0 


To compute the general nth derivative formula we must discover a pattern 
and then generalize the pattern. 


Part (i) f(x) = sinz, f'(x) = cosg, f(a) = sing, f(x) = cosx, ftx) = 


sing. Then the next four derivatives are repeated and so on. We get 
f"? (n) 2 sinz, f(x) = cosg, [4D (xz) = —sinz, f4"*9(x) = — cosz. 
By evaluating these at c — 0, we get 
PROD PARO AAN) sand: fere es 
for n = 0,1,2,--- 
Part (ii) This part is similar to Part (i) and is left as an exercise. 


Part (iii) f(a) = In, fla) — e, fla) = (Da, fn) = (YAA... 
f(x) = (ED): (E n m = (0) Un dm. Pe 
(—1)771(n — 1), n=1,2,.. 
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Part (iv) f(x) = e, f'(x) = e, Io = e,..., f(x) = e, yo = 
Loco eu 


cosh z, f"(z) = sinh z,... f°") (z) = sinha, 


Part (v) f(x) = sinh z, f'(x) = 
= 9, fe"+(9) = 1, n=0,1,2,... 


fOr) (x) = cosh z, Pri) 


Part (vi) f(x) = coshz, f'(x) = sinha, f"(z) = cosha,... ,f@%(x) = 
cosh z, ftd (2) = sinhz, f? (0) = 1, fe") (0) 20,n —0,1,2,... 


Exercises 3.5 Find the first two derivatives of each of the following func- 
tions f. 


1. f(t) = 40€ — 312 +10 2. f(x) = 4sin(3x) + 3cos(4x) 

3. f(x) = (z? +1)? 4. f(x) =x? sin(3zr) 

= Sia) eset ds 6. T Gr) 2760545 

1. fi) ui & f(a) = (aż +1) 
ram] v f(x)= (z 

9. f(x) = In(a? + 1) 10. f(x) = logyg(z* + 1) 


11. f(x) =3sinh(4x) + 5cosh(4z) 12. f(x) = tanh(3x) 


13. (s) > tang 14. f(x) = xe 
15. f(x) = arctan(3z) 16. f(x) = arcsinh (2x) 
17. f(x) = cos(nx) 18. Ha = (x? +1) 


Show that the given y(x) satisfies the given equation: 


19. y = Asin(4x) + B cos(4x) satisfies y" + 16y = 0 


20. y= Asinh(4x) + Bcosh(4z) satisfies y" — 16y = 0 
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21. y — e *(asin(2x) + bcos(2x)) satisfies y" — 2y + 2y = 0 


22. y = e*(asin(3x) + bcos(3x)) satisfies y" — 2y' + 10y = 0 


Compute the general nth derivative for each of the following: 


E 24. f(x) =sin3x 

25. f(x) = cosdz 26. f(x) =In(x +1) 
27. f(x) = sinh(2z) 28. f(x) =cosh(3x) 
29. f(x) = (r4 1% 30. f(x) = ln (2) 


Find y' and y” for the following equations: 


31. z*-4y*— 20 32. x? + zxy-$y?- 16 
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Chapter 4 


Applications of Differentiation 


One of the important problems in the real world is optimization. This is the 
problem of maximizing or minimizing a given function. Differentiation plays 
a key role in solving such real world problems. 


4.1 Mathematical Applications 


Definition 4.1.1 A function f with domain D is said to have an absolute 
maximum at c if f(x) € f(c) for all z € D. The number f(c) is called the 
absolute maximum of f on D. The function f is said to have a local maximum 
(or relative maximum) at c if there is some open interval (a, b) containing c 
and f(c) is the absolute maximum of f on (a, b). 


Definition 4.1.2 A function f with domain D is said to have an absolute 
minimum at cif f(c) € f(x) for all x in D. The number f(c) is called the 
absolute minimum of f on D. The number f(c) is called a local minimum 
(or relative minimum) of f if there is some open interval (a,b) containing c 
and f(c) is the absolute minimum of f on (a,b). 


Definition 4.1.3 An absolute maximum or absolute minimum of f is called 
an absolute extremum of f. A local maximum or minimum of f is called a 
local extremum of f. 
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Theorem 4.1.1 (Extreme Value Theorem) If a function f is continuous 
on a closed and bounded interval |a, b], then there exist two points, c; and ca, 
in [a,b] such that f(ci) is the absolute minimum of f on [a,b] and f(c2) is 
the absolute maximum of f on la, b]. 


Proof. Since [a,b] is a closed and bounded set and f is continuous on |a, b], 
Theorem 4.1.1 follows from Theorem 2.3.14. 


Definition 4.1.4 A function f is said to be increasing on an open interval 
(a,b) if f(zri) < f(x2) for all zı and z in (a,b) such that zx; < x. The 
function f is said to be decreasing on (a,b) if f(x1) > f(x2) for all x4 and 
xa in (a,b) such that zı < xg. The function f is said to be non-decreasing 
on (a,b) if f(zi) € f(x2) for all x; and xa in (a,b) such that x, < x. The 
function f is said to be non-increasing on (a,b) if f(11) > f(x») for all zi 
and zə in (a,b) such that zı < 23. 


Theorem 4.1.2 Suppose that a function f is defined on some open interval 
(a,b) containing a number c such that f'(c) exists and f'(c) 4 0. Then f(c) 
is not a local extremum of f. 


1 
Proof. Suppose that f'(c) 4 0. Let e = 2 |f’(c)|. Then e > 0. 
Since e > 0 and 


wsm Bai 


zoe r—c 


there exists some 6 > 0 such that if 0 < |z — c| < 6, then 


IDZIE O 
- Woj < PEB po) < 5 any 
IQ -iro < OE < pto +5 Io. 


The following three numbers have the same sign, namely, 


Flo, t) - 5 If md fiel FOL 
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Since f'(c) > 0 or f'(c) < 0, we conclude that 


Je JU) oe AES 


TC TC 


<0 


for all x such that 0 < |r — c| < 6. Thus, if c— ô< x1 < c< 12 < c+6, then 
either f(x1) < f(c) < f(x2) or f(x1) > f(c) > f(x2). It follows that f(c) is 


not a local extremum. 


Theorem 4.1.3 If f is defined on an open interval (a,b) containing c, f(c) 
is a local extremum of f and f'(c) exists, then f'(c) = 0. 


Proof. This theorem follows immediately from Theorem 4.1.2. 


Theorem 4.1.4 (Rolle's Theorem) Suppose that a function f is continuous 
on a closed and bounded interval |a, b], differentiable on the open interval 
(a,b) and f(a) = f(b). Then there exists some c such that a < c « b and 


Ml = 0. 


Proof. Since f is continuous on la, b], there exist two numbers q and > 
on [a,b] such that f(c1) € f(x) € fiel for all x in [a,b]. (Extreme Value 
Theorem.) If f(c1) = f(c2), then the function f has a constant value on (a, b] 
and f'(c) = 0 for c= į (a +b). If fiel A f(c2), then either Pie) 4 f(a) 
or f(co) f(a). But f'(c,) = 0 and f'(c2) = 0. It follows that f’(c,) = 0 or 
f'(c3) = 0 and either cı or c» is between a and b. This completes the proof 
of Rolle's Theorem. 


Theorem 4.1.5 (The Mean Value Theorem) Suppose that a function f is 
continuous on a closed and bounded interval [a,b] and f is differentiable on 
the open interval (a,b). Then there exists some number c such that a < c < b 


ER £0) — fla) 
E ; 
ROW LO) — po) 
—a 
Proof. We define a function g(r) that is obtained by subtracting the line 
joining (a, f, (a)) and (b, f (b)) from the function f: 


f(b) — f(a) 


gx) = f(a) - | 


(z — a) + f(a)| . 
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The g is continuous on [a, b] and differentiable on (a,b). Furthermore, g(a) = 
g(b) = 0. By Rolle's Theorem, there exists some number c such that a < c < b 
and 


0 — g'(c) 
- f'(o) im = AE 
Hence, 
d z = = f'(c) 


as required. 


Theorem 4.1.6 (Cauchy-Mean Value Theorem) Suppose that two functions 
f and g are continuous on a closed and bounded interval |a, b], differentiable 
on the open interval (a,b) and g'(x) 40 for all x in (a,b). Then there exists 
some number c in (a,b) such that 


f(b) -fla ` fc) 
g(b) — 9 


(a) gle) 
Proof. We define a new function h on [a,b] as follows: 


f(b) — f(a) 
g(b) — g(a) 


Then h is continuous on [a, b] and differentiable on (a,b). Furthermore, 


h(a) = f(x) — Fla) — (g(x) — g(a). 


h(a) 2 0 and h(b) =0. 
By Rolle’s Theorem, there exist some c in (a,b) such that h'(c) = 0. Then 


f(b) — Fla) 
-g 


0 — Miel = Fc) - a 


g (c) 
and, hence, 

f(b) — fla) _ Di 

g(b) — giel ge) 
as required. This completes the proof of Theorem 4.1.6. 
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Theorem 4.1.7 (L'Hospital's Rule, T Form) Suppose f and g are differen- 
tiable and g'(x) 4 0 on an open interval (a,b) containing c (except possibly 
at c). Suppose that 


lim f(x)=0, lm gía) =0 and lim =L, 


zc zc zc g' (x) 


where L is a real number, oo, or —oo. Then 


me 


mee g(a) 26 ga) 


Proof. We define f(c) = 0 and g(c) = 0. Let x € (c,b). Then f and g are 
continuous on [c, z], differentiable on (c, x) and g'(y) 4 0 on (c, x). By the 
Cauchy Mean Value Theorem, there exists some point y € (c, x) such that 


' hen 
lim Hz) = lim a 
act g(x) wet g'(v) 


Similarly, we can prove that 


Tu) L 


Therefore, 


Remark 12 Theorem 4.1.7 is valid for one-sided limits as well as the two- 
sided limit. This theorem is also true if c= oo or c= —oo. 


Theorem 4.1.8 Theorem 4.1.7 is valid for the case when 


lim f(z) 200 or — and lim g(r)-— oo or —oo. 


zc T>C 


Proof of Theorem 4.1.8 is omitted. 
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Example 4.1.1 Find each of the following limits using L’Hospital’s Rule. 


in3 tan2 l 
(i) lim =“ (ii) lim 4 (ii) lim E 
«—0 sin dx 2>0 tan Am zo0 £ 
l — cosx 
Ww) l D | 
(iv) lim => (v) lim —— (vi) lim zlnz 


We compute these limits as follows: 


(i sin 3x .  dcos3z 3 
i) lim — lim — 
z—0 sinz  2—0 Scos5z 5 
(ii) 1i tan2x , 2Qsec?x 2 
i) lim = lim cem 
z—0 tan3r 230 3sec?3x 3 
(ui) im == dug ag 
z—0 qx 10 1 
1 
iv) lim — = lim e 
(iv) 
z—0 sing  z—0 cosz 
dia l — cos x _ sing _y 
r—0 c r—0 1 
In x (2) 
(vi) limzlnz = lim =+ = lim — = lim (—2) = 0. 
x—0 r0 (+) r0 (=) r0 


Theorem 4.1.9 Suppose that two functions f and g are continuous on a 
closed and bounded interval |a, b| and are differentiable on the open interval 
(a,b). Then the following statements are true: 


(i) If f(x) > 0 for each x in (a,b), then f is increasing on (a, b). 

(ii) If Pia) <0 for each z in (a,b), then f is decreasing on (a, D). 

(iti) If f(x) > 0 for each x in (a,b), then f is non-decreasing on (a, b). 
(x) (a, b) 
(x) (a, b) 


(iv) If f'(x) € 0 for each x in (a,b), then f is non-increasing on (a, b). 


(v) If f'(x) — 0 for each x in (a,b), then f is constant on (a,b). 
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(vi) If f'(x) = g'(x) on (a,b), then f(x) = g(x)+C, for constant C, on (a, b). 


Proof. 

Part (i) Suppose a < zı < x9 < b. Then f is continuous on [x1, 22] and 
differentiable on (x1, r5). By the Mean Value Theorem, there exists some c 
such that a < zı < € < x4 < b and 


f (22) — f(a) 


La — Tı 


= pu 


Since 12 — mp > 0, it follows that f(x2) — f(zi) > 0 and f(x2) > f(x1). By 
definition, f is increasing on (a,b). The proof of Parts (ii)-(v) are similar 
and are left as an exercise. 


Part (vi) Let F(x) = f(x) — g(x) for all x in [a,b]. Then F is continuous on 
la, b] and differentiable on (a,b). Furthermore, F'(x) = 0 on (a,b). Hence, 
by Part (v), there exists some constant C such that for each z in (a,b), 


F(a) — C, f(x) — gla) =c, f(x) = g(z) * C. 
This completes the proof of the theorem. 


Theorem 4.1.10 (First Derivative Test for Extremum) Let f be continuous 
on an open interval (a,b) and a « c « b. 


(i) If f'(x) > 0 on (a,c) and f'(x) < 0 on (c, b), then f(c) is a local maxi- 
mum of f on (a, b). 


(u) If f'(x) < 0 on (a,c) and f'(x) > 0 on (c, b), then f(c) is alocal minimum 
of f on (a,b). 


Proof. This theorem follows immediately from Theorem 4.1.9 and its proof 
is left as an exercise. 


Theorem 4.1.11 (Second Derivative Test for Extremum) Suppose that f, f' 
and f" exist om an open interval (a,b) and a < c « b. Then the following 
statements are true: 


(i) If f'(c) =0 and f"(c) > 0, then f(c) is a local minimum of f. 
(u) If f'(c) =0 and f"(c) « 0, then f(c) is a local maximum of f. 
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(iii) If f'(c) = 0 and f"(c) = 0, then f (c) may or may not be a local extremum. 


Proof. 
Part (i) If f"(c) > 0, then by Theorem 4.1.2, there exists some 6 > 0 such 
that for all z in (c — 9,c + ô), 


Flo)  f(x)- fc) 


TC TC 


> 0. 
Hence, f'(x) > 0 on (c,c + ô) and f'(x) < 0 on (c — ó,c). By the first 
derivative test, f(c) is a local minimum of f. 


Part (ii) The proof of Part (ii) is similar to Part (i) and is left as an exercise. 
Part (iii) Let f(x) = x? and g(x) = xt. Then 


f'(0) = g'(0) = f"(0) = g"(0). 


However, f has no local extremum at 0 but g has a local maximum at 0. 
This completes the proof of this theorem. 


Definition 4.1.5 (Concavity) Suppose that f is defined in some open inter- 
val (a, b) containing c and f'(c) exists. Let 


y = g(z) = f'(e)(z — e) + fie 
be the equation of the line tangent to the graph of f at c. 


(i) If there exists 6 > 0 such that f(x) > g(x) for all x in (c—6,c--9), x # c, 
then the graph of f is said to be concave upward at c. If the graph of f is 
concave upward at every c in (a, b), then it is said to be concave upward 
on (a, b). 


(ii) If there exists 6 > 0 such that f(x) < g(x) for all x in (c—6,c+6), x Æ c, 
then the graph of f is said to be concave downward at c. If the graph of 
f is concave downward at every c in (a,b), then it is said to be concave 
downward on (a, b). 


(ii) The point (c, f(c)) is said to be a point of inflection if there exists some 
0 > O such that either 
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(i) the graph of f is concave upward on (c — ô, c) and concave downward 
on (c, c + ô), or 


(ii) the graph of f is concave downward on (c— ô, c) and concave upward 
on (c,c+ 6). 


Remark 13 The first derivative test, second derivative test and concavity 
test are very useful in graphing functions. 


Example 4.1.2 Let f(x) = 1* — 4r’, -3<x<3 


(a) Locate the local extrema, and point extrema and points of inflections. 


(b) Locate the intervals where the graph of f is increasing, decreasing, con- 
cave up and concave down. 


(c) Sketch the graph of f. Determine the absolute maximum and the abso- 
lute minimum of the graph of f on |-3,3]. 


Part (a) 


(i) f(x) = gf — 4g? —g^(y^—4) =0>x=0,17= —2, x = 2 are zeros of f. 


(ii) f'(z) = 4r? — 82 = 0 = 4r(x? — 2) = 0 x = 0,z = —/2 and x = V2 
are the critical points of f. 


1 1 1 

(iii) f”(x) = 123? — 4 = 12 PR =0>2x= ze and z = a s 
the z-coordinates of the points of inflections of the graph of f, since f” 
changes sign at these points. 

(iv) f'(0) = 0, f"(0) = —4 — f(0) = 0 is a local minimum of f. 

) 20, f'(-V2) > 0 5 f(-V2) = —8 is a local minimum of f. 

f'(V2) = 0, f"(J/2) > 0 + f(V2) = —8 is a local minimum of f. 

(v) f"(x) changes sign at 1 = + E and hence | + az are the points 


of inflection of the graph of f. 
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Part (b) The function f is decreasing on (—oo, —v2) U (0, V2) and is increasing 
—1 
on (—v2,0) U (V2, oo). The graph of f is concave up on E =) U 


V3 
(am) rea 
—, co | and is concave down on | —=, — |J. 
V3 V3 vi 
(c)  f(-3) = f(3) = 45 is the absolute maximum of f and is obtained at the 
end points of the interval. 


Also, f(—V2) = f(V2) = —8 is the absolute minimum of f on [-3,3]. 
We note that f(0) — 0 is a local maximum of f. The graph is sketched 
with the above information. 


graph 


Example 4.1.3 Consider g(x) = z? — x?/3, -2< x < 3. Sketch the graph of 
g, locating extrema, zeros, points of inflection, intervals where f is increasing 
or decreasing, and intervals where the graph of f is concave up or concave 
down. 

Let us compute the zeros and critical points of g. 


(i) g(x) = z?/3(z*5 — 1) = 0 > z = 0, —1,1. 
2 1 1\ 3⁄4 
g'(x) = 2x — 3 KREDA [en = 5) =0>x=zw (3) : 


1\3/4 
We note that g'(0) is undefined. The critical points are, 0,+ (3) 


2 
(ii) g"(r) =2+ 9 a */3 > 0 for all z, except x = 0, where g"(x) does not 


exist. 


11 3/4 11 3/4 
The function g is decreasing on | —oo, — (3) and [ 0, (3) : 
11 3/4 11 3/4 
The function g is increasing on (- (3) s) U (G) =). 
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(ii) The point (0,0) is not an inflection point, since the graph is concave up 
everywhere on (—oo, 0) U (0, oo). 


Exercises 4.1 Verify that each of the following Exercises 1-2 satisfies the 
hypotheses and the conclusion of the Mean Value Theorem. Determine the 
value of the admissible c. 


1. Rasa 4r, —9 € 429 

2. g(x) = 2? — a? on [-2,2] 

3. Does the Mean Value Theorem apply to y = z?/? on [-8,8]? If not, why 
not? 


4. Show that f(x) = z? — x? cannot have more than two zeros by using 
Rolle's Theorem. 


5. Show that f(x) = Inx is an increasing function. (Use Mean Value The- 
orem.) 


6. Show that f(x) = e is a decreasing function. 
7. How many real roots does f(x) = 12x4 — 14x? + 2 have? 


8. Show that if a polynomial has four zeros, then there exists some c such 
that f” (c) 0. 


A function f is said to satisfy a Lipschitz condition with constant M if 


f(x) — full < Miz — y] 
for all z and y. The number M is called a Lipschitz constant for f. 


9. Show that f(x) = sin z satisfies a Lipschitz condition. Find a Lipschitz 
constant. 


10. Show that g(x) = cos x satisfies a Lipschitz condition. Find a Lipschitz 
constant for g. 


In each of the following exercises, sketch the graph of the given function over 
the given interval. Locate local extrema, absolute extrema, intervals where 
the function is increasing, decreasing, concave up or concave down. Locate 
the points of inflection and determine whether the points of inflection are 
oblique or not. 


4.2. ANTIDIFFERENTIATION 


q? 


11. lay EES [-1,1] 


13. f(x) = lx — 1] + 2|z + 2|, [-4, 4] 


15. f(x) =sinx — cos zx, [0, 271] 


2x 


17. ta = y [—4, 4] 


19. f(x) = (a? — 1)e-*, [-2, 2] 
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12. f(x) = zitt — z)”, [-2, 2] 
14. f(x) = 2a” + E [-1,1] 
16. f(x) = z — cosz,[0, 27] 
18. f(x) = 2r?" — «9/5, [-2, 2] 


20. f(x) = 3sin 2x + 4cos 2z, [0, 27] 


Evaluate each of the following limits by using the L'Hospital's Rule. 


Jp EE 22. lim 
z—0 tan D c—0 
] 
Du quati 24. lim 
aol -r c—0 
2_1 
OB. Win = 26. lim 
10 a 10 
in3 
omy eee 28. lim 
20 sinh(5x) 20 
PRA 30. lim 
2>0 x+sinz zl 


4.2  Antidifferentiation 


The process of finding a function g(x) 
f(x), is called antidifferentiation. 


Definition 4.2.1 Let f and g be two 


x+sin 7x 
X—SINTL 


pcm 
ln(x + 1) 


Lg — 1 


such that g(x) = f(x), for a given 


continuous functions defined on an 


open interval (a,b). If g'(x) = f(x) for each x in (a,b), then g is called an 


antiderivative of f on (a,b). 
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Theorem 4.2.1 If gi(x) and ga(x) are any two antiderivatives of f(x) on 
(a, b), then there exists some constant C such that 


Proof. If h(x) = gi(x) — ga(x), then 


for all z in (a,b). By Theorem 4.1.9, Part (iv), there exists some constant c 
such that for all x in (a, b), 


Definition 4.2.2 If g(r) is an antiderivative of f on (a,b), then the set 
{g(x)+C : C is a constant) is called a one-parameter family of antiderivatives 
of f. We called this one-parameter family of antiderivatives the indefinite 
integral of f(x) on (a,b) and write 


nc = g(z) t C. 


The expression “f f(x)dx” is read as “the indefinite integral of f(x) with 
respect to x.” The function *f(z)” is called the integrand, “f” is called the 
integral sign and “zx” is called the variable of integration. When dealing with 
indefinite integrals, we often use the terms antidifferentiation and integration 
interchangeably. By definition, we observe that 


L (/ WI so Sa: 


Example 4.2.1 The following statements are true: 


1 grtt 
1. Jaie- ee 2. fra tenz- 
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1 
3. — 
x 
5. E — cos(ax) + c 
a 
T. | eo 
9. Gem 


eN 
E 
Q 
B 
+ 
o 


In | sec(az)| + c 
11. cot(a =- in | sin(ax)| + c 
13. e "dr = BE 


15. sinh dx = cosh z + c 


17. tanh z dx = ln | cosh z| + c 


19. sinh(ax) ` cosh(az) +c 


20. 


cosh(ax)d sinh(ax) + c 


21. 


22, 


jet 
/ 
/ 
/ 
i 
/ 
/ 
/ 


EE! 
tanh(ax)dx = — In|coshaz| + c 
a 


1 
coth (ax)dx = — ln |sinh(ax)| + c 
a 
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4. | sna doo eme 
6. ] 5 dz = sing +c 


8. | ena dx = In |secz| + c 


10. [roots dx = ln |sinz| + c 
12. teret +c 
1 
14. f e" dy = — e +c 
a 
16. [cose dx = sinh z + c 
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NE) 
R 


SS. Ra, (Ra c Lo Lc Lm 


sec z dr = n|secz + tanz| + c 


24. csc z dx = — In|cscz + cot z| +c 


1 
25; sec(ax)dx = = ln |sec(ax) + tan(ax)| + c 
a 
—1 
26. esc(ax)dx = — ln | csc(ax) + cot(ax)| + c 
a 
27. sec” xdx = tan z + c 
1 
28. sec"(ax)dx = — tan(az) + c 
a 
csc? 1 dr = — cot £ +c 


29. 


30. 


31. tan? z dr = tang — r +c 

32. cot? z dr = —cotr — £ + c 
1 1 in 2 

33. sin? x dr = = (x — sin x cos x) + € = = go E 
2 2 2 
1 1 in 2 

34. cos? rdr = = (x + sin g cos £) + c= ba > Jake 
2 2 2 

35. sec x tan z dx = secz + c 
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36. | sims dx = —cscz+c 


Each of these indefinite integral formulas can be proved by differentiating 
the right sides of the equation. We show some details in selected cases. 


Part 3. Recall that 


Hence, 


The absolute values are necessary because In(x) is defined for positive num- 
bers only. 


1 


— —  —— — . (sec x tan x + sec? z) 
sec x + tan z 


d 
Part 23. SS (In | sec x + tan z|) = 


sec z(tan x + sec z) 


(sec x + tan x) 
sec g. 


d 
Part 31. m (tanz — 1 + c) = sec” z — 1 = tan? x. 
27 


d (1 
Part 33. (5 (x — sin z cosx) + 3 


2 


d in2 
= G S 3 (Trigonometric Identity) 


= sin z (Trigonometric Identity) 
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d /1 f 
art 34. — |= (x+sinzcosx)+c 
Part 34 1 5 (c + )+ 
x 
d fr. mir 
cup X27 4 
=: + : 2 
= 5 +5 052r 
1 
= — (1+ cos 2z) 
2 
= 0083 (Trigonometric Identity) 


Example 4.2.2 The following statements are true: 


1 x 
1. ———— dx = arcsinz + c 2. |- - VEB to 
| a= vVl—z? 
, Ti d inh z + a | dz =v1+ ax? + 
A —— dz = arcsinhz +c . —— dr = "ite 
V 14-2? /1+ x? 
= n(r+vl+ 2?) +e 
1 z 
5. ————— dx = arccosh z +c 6. [wR 4-12 te 
a= vz^—1 
=In|x+ yx?-1]+ce 
1 1 
T / dx = arctan xz + c 8. d dx = arctanh z +c 
1+ x? 1 — x? 
1 l+x 
— — In 
2 l-r 
9 / : d + 10 [va PE bb 521 
; —— dr = arcsec z +c ! c = — +c, ‘ 
Lol?) Inb 


All of these integration formulas can be verified by differentiating the right 
sides of the equations. 
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Remark 14 In the following exercises, use the substitution to reduce the 
integral to a familiar form and then use the integral tables if necessary. 


Exercises 4.2 In each of the following, evaluate the indefinite integral by 
using the given substitution. Use the formula: 


COE = | (eoo. where u — g(t), du = g'(t)dt. 


1 1 
1. —--. di, 1 = 2sint 2. | —--. di, x = 2cosht 
i V4 — x? vi +? 
3 jA ! d. 3tant 4 ji : d. 3sect 
l —= dí, 1 = Stan —— di, x = 3 sec 
v9 + 2? xy x?—9 
5. EXT = =g’ 6. fit + l)dz; u = Tz +1 
Ys Tan + l)dz,u = 3x + 1 8. | 590 + l)dz, u = 22 +1 
9. | sas, un 10. n + 7)dz, u = 5z +7 
11. E — 3)tan(2x —3)dz,u = 2x -3 12. n + 2)dz, u = 51 + 2 
2 10 mS e "y 
1 22 _ ¿—22 
15. / —— — dr,u = e” 16. f n dr, u = e” +e” 
et +e-t ex + e? 
17. | sxe) cos 2x dz, u = sin 2x 18. | cos 3x dz, u = sin3x 
19. [some dz, u = sec £ 20. Jato deu = tans 
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zln(r? + 1) > J z 5 
21. —— ~ dz,u = ln(x +1 22. —--. dx,u=4+x 
d g^ l ) V4 + a? 
x dx e E 9 
23. —— ,u=4-x 24. ——  dz,u=9+1 
4—z? Bake 
25 Ji : d. 2 sinh 26 f e d 2 cosh 
e —— — drz, u = ?2sinh gx ; ————— dx, u= 2cosh x 
V4+ a? Vx? — 4 


4.3 Linear First Order Differential Equations 


Definition 4.3.1 If p(x) and q(x) are defined on some open interval, then 


an equation of the form 
d 
T + p(z)y = q(x) 
x 


is called a linear first order differential equation in the variable y. 


Example 4.3.1 (Exponential Growth). A model for exponential growth is 
the first order differential equation 


dy 


To solve this equation we divide by y, integrate both sides with respect to x, 


replacing (2) dx by dy as follows: 


HCH 
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Next, we impose the condition y(0) — yo to get 


The number yo is the value of y at x = 0. If the variable x is replaced by the 
time variable t, we get 


y(t) = w(0)e". 


If k > 0, this is an exponential growth model. If k < 0, this is an example of 
an exponential decay model. 


Theorem 4.3.1 (Linear First Order Differential Equations) /f p(x) and q(x) 
are continuous, then the differential equation 


steht = qla) (1) 


has the one-parameter family of solutions 
y(x) = eS ple)de n +c]. 


Proof. We multiply the given differential equation (1) by el Pod which is 
called the integrating factor. 


d 
dao 4 p(zjef rie — qol eh H 
Since the integrating factor is never zero, the equation (2) has exactly the 


same solutions as equation (1). Next, we observe that the left side of the 
equation is the derivative of the product the integrating factor and y: 


d 
Xm (e Perey) = q(x)e/ Pde (3) 


By the definition of the indefinite integral, we express equation (3) as follows: 


"LOU sh (aleje "as + c. (4) 
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Next, we multiply both sides of equation (4) by e /»(9d» : 


y= ana | [uocis +c| |. (5) 


Equation (5) gives a one-parameter family of solutions to the equation. To 
pick a particular member of the family, we specify either a point on the curve, 
or the slope at a point of the curve. That is, 


y(0) =Y or y'(0)- we. 


Then c is uniquely determined. This completes the proof. 


Example 4.3.2 Solve the differential equation 
y + 4y = 10 , y(0) = 200. 
Step 1. We multiply both sides by the integrating factor 


eJ Ade = ett 


d 
a 4-46 y = 10e. (6) 


Step 2. We observe that the left side is the derivative of the integrating factor 
and y. 

d „a 

— (e**y) = 10e". T 
+. (ey) = 100 (7) 
Step 3. Using the definition of the indefinite integral, we antidifferentiate: 


ey = | oo: +c. 


Step 4. We multiply both sides by e^". 


y=e * | [ane ac + e| 
4x 
y=e * [o ee 


v) = Tee (8) 
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Step 5. We impose the condition y(0) — 200 to solve for c. 


5 5 
y(0)=200=5+e, c=200- > 
Step 6. We replace c by its value in solution (8) 
5 5 
REM 9 SSE —4x . 
y(x) 5 + ( 00 j e 
Exercises 4.3 Find y(t) in each of the following: 
1. y'= 4y, y(0) = 100 2. y'= —2y, y(0) = 1200 
, dy 
3. y'= —4(y — c), y(0) = vo 4 Ly + Ry= E, y(0) = yo 
9. y + dy(t) = 32, y(0) =0 6. y'= ty, y(0) = yo 


1 2 
(Hint: y-t [ZY a= | tae IEN 
y dt y 2 


7. The population P(t) of a certain country is given by the equation: 


P'(t) = 0.02P(t), P(0) = 2 million. 


(i) Find the time when the population will double. 
(ii) Find the time when the population will be 3 million. 


8. Money grows at the rate of r% compounded continuously if 


r 


10=|=] A A(0) =A 
where A(t) is the amount of money at time t. 


(i) Determine the time when the money will double. 
(ii) If A = $5000, determine the time for which A(t) = $15,000. 
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9. A radioactive substance satisfies the equation 
A'(t) = —0.002A(t), A(0) = Ao, 
where t is measured in years. 


1 
(i) Determine the time when A(t) — 5 Ao. This time is called the 
half-life of the substance. 


(ii) If Ag = 20 grams, find the time t for which A(t) equals 5 grams. 


10. The number of bacteria in a test culture increases according to the equa- 
tion 
N'(t) =rN(t), n(0) = No, 


where t is measured in hours. Determine the doubling period. If No = 
100, r = 0.01, find t such that N(t) = 300. 


11. Newton's law of cooling states that the time rate of change of the tem- 
perature T'(t) of a body is proportional to the difference between T' and 
the temperature A of the surrounding medium. Suppose that K stands 
for the constant of proportionality. Then this law may be expressed as 


T'(t) = K(A— T(t)). 
Solve for T(t) in terms of time t and Tp = T(0). 


12. In a draining cylindrical tank, the level y of the water in the tank drops 
according to Torricelli's law 


y(t) = -Ky'? 
for some constant K. Solve for y in terms of t and K. 


13. The rate of change P'(t) of a population P(t) is proportional to the 
square root of P(t). Solve for P(t). 


14. The rate of change v'(t) of the velocity v(t) of a coasting car is propor- 
tional to the square of v. Solve for v(t). 


In exercises 15-30, solve for y. 


4.4. 


15. 


17. 


19, 


2. 


23. 


25. 


2T. 


29. 


LINEAR SECOND ORDER HOMOGENEOUS DIFFERENTIAL EQUATIONS169 


y'=x-— y, 90) =5 16. 

xy'(x) + 3y(x) = 2x5, y(2)=1 18. 

y +y = e”, y(0) = 100 20. 

y' — (sinz)y, y(0)=5 22. 
1+ 

y= sej y(0) = 10 24. 
TN 

y —^ry—c, y(0)=4A 26. 

y — 2y =4e*, y(0) 24 28. 
1 

y — —y = sinz, y(1)=3 30. 
2x 


y +32%y =0, y(0) =6 

zy dq y(1)= 4 

y = —6xy, y(0) =9 

y' = xy’, y(0)=2 

y — 2y — 1, y(1) 2 3 

y —3y =2sinz, y(0) = 12 
y — 3aży=e", y(0) =7 


y —3y = e*, y(0) 21 


4.4 Linear Second Order Homogeneous Dif- 


ferential Equations 


Definition 4.4.1 A linear second order differential equation in the variable 
y is an equation of the form 


y” + p(z)y + q(z)y = r(x). 


If r(x) = 0, we say that the equation is homogeneous; otherwise it is called 
non-homogeneous. If p(r) and q(x) are constants, we say that the equation 
has constant coefficients. 


Definition 4.4.2 If f and g are differentiable functions, then the Wronskian 


of f and g is denoted W (f, g) and defined by 


W(f,g) = f(x)g' (x) — f(x) g(a). 


Example 4.4.1 Compute the following Wronskians: 
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(i) W(sin(mz), cos(mx)) (ii) W(e” sin(qx), ef" cos(qx)) 
(ii) W(x”, x™) (iv) W(axsin(mz), x cos(mx)) 
Part (i) W (sin mz, cos mg) = sin(mz) 4 (cos(mx)) — L (sin(mz)) cos(mx) 


= —m sin? (mz) — m cos? (mz) 
= —m(sin?(mz) + cos? (mx) ) 


Part (iii) W (e” sin qu, e?” cos qz) 
= e” sin qx(pe?” cos qu — qe?” sin qx) 
—eP? cos qx (pe?* sin qx + qe?” cos qz) 
= —qe??* (sin? gx + cos? qx) 
= qe? 
Part (iii) Wi bac ema Se ae 
= (m — n)z 
Part (iv) W(xsin mz, z cos mg) = (x1sinmz)(cosma — mz sin mz) 
— (zx cos mz)(sin mx + ma cos mz) 
= —mz? (sin? mz + cos? mz) 


= —mz?. 


Definition 4.4.3 Two differentiable functions f and g are said to be linearly 
independent if their Wronskian, W(f(x), g(x)), is not zero for all z in the 
domains of both f and g. 


Example 4.4.2 Which pairs of functions in Example 8 are linearly indepen- 
dent? 


(i) In Part (i), W (sin mz, cos mz) = —m z 0 unless m = 0. Therefore, 
sin mg and cosmz are linearly independent if m 4 0. 


(ii) In Part (ii), 
W (&* sin qu, eP* cos qu) = —qe?* # if q #0. 


Therefore, ef? sin(qr) and e?” cos qx are linearly independent if q 4 0. 
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(iii) In Part (iii), W(x”, 2) = (m — n)z"**"^! £0 if m z n. Therefore, if m 
and n are not equal, then z” and x” are linearly independent. 
(iv) In Part (iv), 
W (x sin mz, x cos mz) = —ma? £0 


if m # 0. Therefore, xsin mz and zcosmmz are linearly independent if 
m #0. 


Theorem 4.4.1 Consider the linear homogeneous second order differential 
equation 


y" + p(x)y' + q(x)y = 0. (1) 


(i) If y(x) and ya(x) are any two solutions of (1), then every linear combi- 
nation y(x), with constants A and D, 


y(x) = Ayr (x) + Blo) 
is also a solution of (1). 


(u) If y(x) and ys(x) are any two linearly independent solutions of (1), then 
every solution y(x) of (1) has the form 


y(x) = Ay: (x) + Bya(x) 
for some constants A and B. 


Proof. 


Part (i) Suppose that y, and ys are solutions of (1), A and B are any con- 
stants. Then 


(Ayı + By)” + p(Ayi + By2)' + a(Ayi + By.) 
= Ay} + Byz + Apy; + ABy + Aqyi + BqByo 
= Aly + pyi + qui) + Blya + py + quz) 
= A(0) + B(0) (Because yı and ya are solutions of (1)) 
eU: 


Hence, y = Ay, + By are solutions of (1) whenever yı and y» are solutions 
of (1). 
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Part (ii) Let y be any solution of (1) and suppose that 


y = Ay, + By (2) 
y = Ay, + By; (3) 


We solve for A and B from equations (2) and (3) to get 


AL Di ett _ Wy, ys) 
Jy» — Yyy ` Wi, va) 

_ yy -yy — Woy) 
yya = yy (Y Ya) ` 


Since y; and y» are linearly independent, W (y1, y3) 4 0, and hence, A and B 
are uniquely determined. 


Remark 15 It turns out that the Wronskian of two solutions of (1) is either 
identically zero or never zero for any value of z. 


Theorem 4.4.2 Let y; and ya be any two solutions of the homogeneous equa- 


tion 
y" + py’ + qy = 0. (1) 
Let 
W(x) = Wi, yo) = u(z)y(z) — y (2)ya(xz) 
Then 


for some constant c. If c = 0, then W(x) = 0 for every z. If c Z 0, then 
W (x) 4 0 for every z. 


Proof. Since yı and ya are solutions of (1), 


Y = —pyi — On (2) 
yo = —py» — Gye (3) 
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Then, 


W'(x) = (yyh — vive)’ 
O a Hi Hi PEF 
= uU» + JU» — Y1Y2 — Y1Y2 


= yy» — Hait 

= yi(—py2 — qua) — ya[—py, — qui) (from (2) and (3)) 
= —ply1Ya — voy] 

= —pW (x). 


Thus, 
W'(x) + pW (z) =0. 


By Theorem 4.3.1 
W (x) = e fr n dx + e = ce J Pw, 


If c 2 0, W(x) = 0; otherwise W(x) is never zero. 


Theorem 4.4.3 (Homogeneous Second Order) Consider the linear second 
order homogeneous differential equation with constant coefficients: 


ay" +by+cy=0, az0. (1) 


(i) If y =e" is a solution of (1), then 
am? + bm t c — 0. (2) 


Equation (2) is called the characteristic equation of (1). 


S —b — yb? — 4ac —b + yb? — 4ac 
(ii) Let m, = and ma = 
2a 2a 
ing three cases arise: 


. Then the follow- 


Case 1. The discriminant b? — 4ac > 0. Then m4 and ma are real and 
distinct. The two linearly independent solutions of (1) are e™” and 
€"?* and its general solution has the form 


ylz) = Ae" + Bere, 
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Case 2. The discriminant b? — 4ac = 0. Then m, = me = m, and only 
one real solution exists for equation (2). The roots are repeated. In 
this case, e"* and xe” are two linearly independent solutions of (1) 
and the general solution of (1) has the form 


y(x) = Ae™ + Bze”” = e" (A+ Bz). 


Case 3 b? — 4ac < 0. Then m, = p — iq, and ma = p + iq where p = 
—b/2a, and q = V4ac — b?/2a. In this case, the functions e?” sin qx 
and ef? cos qu are two linearly independent solutions of (1) and the 
most general solution of (1) has the form 


y(x) = "(A sin qu + B sin qz). 


Proof. Let y = e™. Then y' = me", y" = me” 


ay" + by + cy = (am? + bm + c)e™ =0,a # 0 > 
am? +bm+c=0,a Z0 


—b ` Jb? — Aac 
m = + : 
2a 2a 


This proves Part (i). 


Case 1. For Case 1, e"? and e"? are solutions of (1). We show that these 
are linearly independent by showing that their Wronskian is not zero. 


W(e™*, gu = emus 6 mae"27 4 men d 2% 


= (mz — mje ™ t2, 


Since mu £ ma, Wiemz, e™*) £0. 
Case 2. We already know that em" 4 0, and m = —b/2a. Let us try 
y = ze Then 
ay" + by + cy = a(2m + m?z)e"* + b(1 + mz)e"* + ge” 
= (b + 2am)e™ + (am? + bm + lge? 
(b + 2a(—b/2a))e"* 
0. 


b - 
b - 
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Therefore, e”” and re" are both solutions. We only need to show that 
they are linearly independent. 

— me de maze?" dë maze?" 

= gema 

Æ 0. 
Hence, e"* and re" are linearly independent and the general solution 
of (1) has the form 


y(x) = Ae™ + Bze”” =e" "(A+ Ba). 


Xx 


Case 3. In Example 8, we showed that 
W (e?* sin qz, e?” cos qx) = —qe?* 4 0 
since q 40. 
We only need to show that e?” sin qu and e?” cos qx are solutions of (1). 
Let y, = e?” sin qx and ya = cf cosqx. Then, 
y; = pe?” sin qu + qe?” cos qx 


y, = pre? sin qu + pge” cos qu + pqe”” cos qu — q^ sin qu 


ay! + by, + em = ae" (p? sin gx + 2pq cos qu — q sin qu) 
+ be?” (p sin gx + q cos qx) + ce?” sin qu 
= e” sin qx|a(p? — q?) + (bp + ell + e?” cos qx [2apq + bq] 


b ^ dac — b? —b 
— ef sj = | | 
ACZ , E 4a? ) i (=) | e| 


+ e” cos qa: IE (2) + d es 


2a 
b? — 2ac + b? + e 


— eP" sj 
e”” sin(qx) | F 
+ e”” cos(qx)[0] 
=0. 
Therefore yı = e"*sin(qx) is a solution of (1). Similarly, we can show 
that y2 = e?” cos qz is a solution of (1). We leave this as an exercise. 
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Remark 16 Use Integral Tables or computer algebra in evaluating the in- 
definite integrals as needed. 


Example 4.4.3 Solve the differential equations for y(t). 
Wyd FM 0 

(ii) y" — Du + 9y = 0 

(ii) y" — 4y' + 5y = 0 


We let y = ei. We then solve for m and determine the solution. We observe 


that y = me™, y = m?e"tt, 


Part (i) By substituting y = e”* in the equation we get 
me™ — 5me”* + 14e"* =e"(m — 5m 14) = 0 > 
m? — 5m + 14 2 0 = (m — 7)(m + 2) > m — 7, -2. 


Therefore, 
y(t) = Ae * + Be”. 


Part (ii) Again, by substituting y = e”*, we get 


me™ —6me™ +9e™ = 0 


The solution is 
y(t) = Ae” + Bte”. 


Part (iii) By substituting y = e”*, we get 
me” —Ame™ + 5e™ = e"? — 4m +5) = 03 
m? —4m+5=0 


4+ 4/16 — 20 
The general solution is 


y(t) = e*(Acost + B sint). 
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Example 4.4.4 Solve the differential equation for y(t) where y(t) satisfies 
the conditions 


y'(t) — 24 (t) — 15y(t) = 0; (0) = 1, y/(0) = -1. 


We assume that y(t) =e”. By substitution we get the characteristic equa- 
tion: 

m? — 2m — 15 = 0, m = 5,—3. 
The general solution is 


y(t) = Ae Tt Be”. 
We now impose the additional conditions y(0) = 1, y'(0) = —1. 


y(t) = Ae * + Be” 
y (t) = —3Ae * + 5Be* 
y(0) =A+B=1 

) 


( 
y'(0) = —3A--5B = —1 


On solving these two equations simultaneously, we get 


T E 
4 4 
Then the exact solution is 
3 1 
y(t) = 7 e Sy; 1 e". 


Exercises 4.4 Solve for y(t) from each of the following: 
1. yy -20y=0 


2. y' —8y+lóy=0 


3. y" +9y' + 20y = 0 


4. y"+4y'+4=0 


5. y'—8y + 12y =0 


6. y” — 6y' + 10y =0 
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7. yy — 6y =0, y(0) = 10, y'(0) = 15 
) 


8. y” —4y +4y—0, y(0) 2 4, y(0)=8 
9. y'+8y +12y=0, y(0) 2 1, y(0)=3 
10. y" +6y + 10y = 0, y(0) = 5, y'(0) =7 
11. y" — 4y = 0, y(0) = 1, y'(0) = -1 

12. y” — 9y = 0, y(0) = —1, y'(0)=1 

13. y” + 9y = 0, y(0) = 2, y'(0) 23 

14. y" + 4y =0, y(0) = -1, y'(0) 2 2 

15. y" — 3y' + 2y = 0, y(0) = 2, y(0) = —2 
16. y" — y — 6y — 0, y(0) =6,y'(0) =5 
17. y" +4y'+4y 2 0, y(0) 2 1, y(0) 24 
18. y" — 6y' + 9y = 0, y(0) = 1, y'(0) = —1 
19. y” + 6y' + 13y =0, y(0) = 1,y'(0) = 2 
20. y" — 3y' + 2y = 

21. y" + 3y' + 2y = 

22. y"  +miy=0 

23. y" — m*y = 

24. y" + 2my' + m^? = 

25. y" + 2my' + (m? + 1)y =0 

26. y" — 2my + (m? -1)y 20 

27. y" + 2my + (m? — 1)y 20 

28. y" — 2my' + (m? — 1)y 20 


29. 9y” — 12y + 4y = 0 
30. 4y" + And -y DU 
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4.5 Linear Non-Homogeneous Second Order 
Differential Equations 


Theorem 4.5.1 (Variation of Parameters) Consider the equations 
y" + p(z)y + q(z)y = r(x) (1) 
y" + pzy  q(z)y = 0. (2) 


Suppose that yı and y are any two linearly independent solutions of (2). 
Then the general solution of (1) is 


ber) a. yyy | OO) „| 


W (y1Y2) W (y1, yz) 
Proof. It is already shown that ciyi(x) + coy2(x) is the most general solution 
of the homogeneous equation (2), where c; and cz are arbitrary constants. 
We observe that the difference of any two solutions of (1) is a solution of (2). 

Suppose that y*(x) is any solution of (1). We wish to find two functions, 
uj and up, such that 


OST CECT Oe ste) 


y'(z) = wu(zjy (1) + us(x)ys (a). (3) 
By differentiation of (3), we get 
y" (z) = (wy + wy) + (wyj + wyż). (4) 
We impose the following condition (5) on w and w: 
uiy + ugy = O. (5) 
Then 
y" (x) = uy; + wys 
y^" (x) = (uyi + vay) + wy + uży. 
Since y*(x) is a solution of (1), we get 
r(x) = y" + p(z)y" + q(x)y* 
= (wyj + ua?) + (WY + Uys) + pc) [uii + wa 
+ q(z)(uiyi + u2y2) 
u + pzy + q(zjn] + uelya + p(z)yz + q(z)ya] 
+ (wy + usus) 
= UY] + uy. 
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Hence, another condition on w, and w is 
uy, + usy, = r(x). (6) 
By solving equations (5) and (6) simultaneously for v, and us, we get 


—yar(x) yr(z) 
= ENO and uy(a) = US. (7) 
Y1Y2 — Y2Y1 Uy» — Y2Y1 
The denominator of the solution (7) is the Wronskian of y; and ys, which is 
not zero for any x since y; and ya are linearly independent by assumption. 
By taking the indefinite integrals in equation (7), we obtain u; and w. 


yo(x)r(x) yi(x)r(x) E 
W (y1, yz) e W (y1, y2) S 


By substituting these values in (3), we get a particular solution 


ulz) = — and u(x) = 


y'(x) = you + yii 
sys y (x)r (a) yalx)r(x) z 
= y(T) W (va, ya) i) Wsz) dz. 


This solution y*(x) is called a particular solution of (1). To get the general 
solution of (1), we add the general solution ciyi(x) + c2 yo(x) of (2) to the 
particular solution of y*(x) and get 


dz — y(x) 


GO » 


yo(x)r(a) 


ds "mie W (y1, y2) 


NO ICC ORS Oe (n) 


ur). 


This completes the proof of this theorem. 


Remark 17 The general solution of (2) is called the complementary solution 
of (1) and is denoted y.(x). 


ye(x) = cayı (x) + eoys (x). 


The particular solution y* of (1) is generally written as yp. 


AJ. 
= u | wci de - TW Ya) 


The general solution y(x) of (1) is the sum of y. and yp, 


y = yx) + yia). 
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Example 4.5.1 Solve the differential equation 
y" + 8y' + 12y = e. 
We find the general solution of the homogeneous equation 
y" + 8y' + 12y — 0. 
We let y = e”” be a solution. Then y = me", y” = m?e"* and 


mie” deeme* HE" = 0 


m? +8m+12=0 m=-6,-2. 


So, 
yx) = Ae 9* + Be Y 


is the complementary solution. We compute the Wronskian 


W (e $*, e?) x e 9*(—2)e-?s m e **(—6)e Dë 


= e *(—2+ 6) 
edge 
#0. 


By Theorem 4.4.1, the particular solution is given by 


m e Dr 4 e 3% A e ?* d e 3% 
Up = € ————— dr-e —— — dr 
B Je Sr Je Bn 


The complete solution is the sum of the complementary solution y. and the 
particular solution yp. 
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Exercises 4.5 Find the complementary, particular and the complete solu- 
tion for each of the following. Use tables of integrals or computer algebra to 
do the integrations, if necessary. 


1. y” + 4y = sin(3z) 2. y" —9y = e” 

3. y" + dy = cos 2x 4. y" — 4y =e 

5. y — y= qre" 6. y" — bad + 6y = Zelt 
7. y'—4y + 4y =e" 8. y" +5y' + 4y = 2e? 

9. my" — py' = mg 10. y" +5y' + 6y = x7e* 


In exercises 11-20, compute the complete solution for y. 
11. y" +y=4x, y(0)=2y(0)=1 

12. y” — 9y = e, y(0)=1, y'(0)=5 

13. y" — 2y' — 3y = 4, y(0) = 2, y(0) =—1 

14. y" — 3y' + 2y = 4r 

15. y" + 4y = sin 2x 

16. y” — 4y = e” 

17. y” — 4y = e P 

18. y" + 4y = cos 2x 


19. y” + 9y = 2sin 3x + 4 cos 3x 


20. y" + Ay' + By = sina — 2 cos x 


Chapter 5 


The Definite Integral 


5.1 Area Approximation 


In Chapter 4, we have seen the role played by the indefinite integral in find- 
ing antiderivatives and in solving first order and second order differential 
equations. The definite integral is very closely related to the indefinite inte- 
gral. We begin the discussion with finding areas under the graphs of positive 
functions. 


Example 5.1.1 Find the area bounded by the graph of the function y = 
As qm => eq 


graph 


From geometry, we know that the area is the height 4 times the width 3 of 
the rectangle. 


Area — 12. 


Example 5.1.2 Find the area bounded by the graphs of y = 4r, y = 0, 1 = 
0, z=3. 


183 


184 CHAPTER 5. THE DEFINITE INTEGRAL 


graph 


1 
From geometry, the area of the triangle is 2 times the base, 3, times the 
height, 12. 
Area — 18. 


Example 5.1.3 Find the area bounded by the graphs of y = 27, y = 0, x = 
L $4. 


graph 


1 
The required area is covered by a trapezoid. The area of a trapezoid is — 


times the sum of the parallel sides times the distance between the parallel 
sides. 


1 
Area = 5 (2 + 8)(3) = 15. 


Example 5.1.4 Find the area bounded by the curves y = y4—a?, y = 
0, z = —2, 1=2. 


graph 


By inspection, we recognize that this is the area bounded by the upper half 
of the circle with center at (0,0) and radius 2. Its equation is 


rL HY =4 or ysv4-r, —2<r<2. 


Again from geometry, we know that the area of a circle with radius 2 is 
nr? = 4r. The upper half of the circle will have one half of the total area. 
Therefore, the required area is 27. 
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Example 5.1.5 Approximate the area bounded by y = x”, y = 0, x = 0, 
and r — 3. Given that the exact area is 9, compute the error of your 
approximation. 


Method 1. We divide the interval [0,3] into six equal subdivisions at the 
35 
23 
We draw vertical segments joining these points of division to the curve. On 
each subinterval [21,12], the minimum value of the function z? is at 2%. 
The maximum value x3 of the function is at the right hand end point z». 
Therefore, 


1 
points 0, 2 1, and 2. Such a subdivision is called a partition of [0, 3]. 


graph 


The lower approximation, denoted L, is given by 


1 1 33% 1 1 51? 1 
BEER -= 4 (2-23 
2 2 2) 2 2 2) 2 

9 25 
Use queda 


= — 28-75. 
4 


L=0°. 


N h2| — 


This approximation is called the left-hand approximation of the area. The 
error of approximation is —0.25. 


The Upper approximation, denoted U, is given by 


= 11-38. 
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The error of approximation is 4-2.28. 


This approximation is called the right-hand approximation. 


Method 2. (Trapezoidal Rule) In this method, for each subinterval [x1, £2], 
we join the point (x1, £?) with the point (x2, 13) by a straight line and find 
the area under this line to be a trapezoid with area = (12 — 11)(x7 + x2). We 


add up these areas as the Trapezoidal Rule approximation, T, that is given 
by 


1 BYĆ aN? 5\? 
=- |0 +2 - 2(17)+ 2: pO +2. | = 3? 
1 9 25 
eu edem + 9 
d 2 > 9 | 
37 
=> =9.25. 
4 


The error of this Trapezoidal approximation is +0.25. 


Method 3. (Simpson's Rule) In this case we take two intervals, say Ir, r3]U 
(nz, 23), and approximate the area over this interval by 


[f(21) + 4f (22) + f(x3)] - (xa — 21) 


Q| = 


1 
and then add them up. In our case, let xy = 0, 11 = g Ya = l, £3 = 
3 5 ' 
> M 22.05 = 3 and re = 3. Then the Simpson’s rule approximation, S, 
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is given by 


54 
=p 9= Exact Value! 
For positive functions, y = f(x), defined over a closed and bounded interval 
[a, b], we define the following methods for approximating the area A, bounded 
by the curves y = f(x), y — 0, x =a and z =b. We begin with a common 
equally-spaced partition, 


P = {a = To < £1 < £3 < T3 <... < En =b}, 


b—a 


such that xz; = a + i, for i = 0, 1,2,... odia 


Definition 5.1.1 (Left-hand Rule) The left-hand rule approximation for A, 
denoted L, is defined by 


<a 


[f (£0) + PO Wr aa) +- TJ Gig 


Definition 5.1.2 (Right-hand Rule) The right-hand rule approximation for 
A, denoted R, is defined by 


pa 24 


Definition 5.1.3 (Mid-point Rule) The mid-point rule approximation for 
A, denoted M, is defined by 


|. b—a zodXiY, e, In-1 + Tn 
bea ea eg eee 
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Definition 5.1.4 (Trapezoidal Rule) The trapezoidal rule approximation 
for A, denoted T, is defined by 


T | fis) fü) Gn) Has) ++ 5 GG) fs) 


CH E f) + FG) + Flea) += + fs) Stall 


Definition 5.1.5 (Simpson's Rule) The Simpson's rule approximation for 
A, denoted S, is defined by 


Examples 


Exercises 5.1 


1. The sum of n terms a1,d2,--- , à, is written in compact form in the so 
called sigma notation 


Y ak = ay + a2 +++ + an. 
k=1 


The variable k is called the index, the number 1 is called the lower limit 


and the number n is called the upper limit. The symbol Kä or is read 
k=1 
“the sum of az from k = 1 to k = n." 


Verify the following sums for n — 5: 


| 
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(c Ce R (set 2 
(d) x grues 


2. Prove the following statements by using mathematical induction: 


n(n 4- 1) 
(a) 5 ==> 


(b) 3 12 — n(n + 1)(2n + 1) 


a] 6 
o yr (E 


3. Prove the following statements: 


(a) Doa —c En 

(b) GE a EN 

(c) GER Za EN 

(d) 56 ay +b dy) PZD 


k=1 


189 
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4. Evaluate the following sums: 


(d) Y (äm — 2) 


5. Let P = (a = zy < z1 < La < -** < Zn = b} be a partition of [a,b] 
b— 
T \ k, k=0,1,2,-- „n. Let f(x) ai. Let A 


such that x, = a + 


n 
denote the area bounded by y = f(x), y = 0, x = 0 and x = 2. Show 
that 


n—l1 
2 
(a) Left-hand Rule approximation of A is — > Bl 
n 
k=1 
n—i 
Toe c ud 2 
(b) Right-hand Rule approximation of A is — ` Ti- 
n 
k=1 


żę s 2 
(c) Mid-point Rule approximation of A is — 9 (um 
ium 2 


n-1 
2 
(d) Trapezoidal Rule approximation of A is E fz + Sal 
1 


k= 


(e) Simpson's Rule approximation of A 
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In problems 6-20, use the function f, numbers a,b and n, and compute the 
approximations LH, RH, MP,T,S for the area bounded by y — f(x), y — 
0, r— a, x= b using the partition 


pt 
P = {a = £o <2, < -+ < Ty = b) where zi =a + ( z). and 


(a) LH =+ 3 fer) 

(b) RH == Yo) 

(S Mp b = a S f Gay x) 

(a) T=" (E f(x) 3) + fi] 

(e) $= P=" ute rea ea y (ZŁE | 


1 
= (LH +4MP + RH} 


1 
10. f(z) = 1 HO b=3, n=6 
+2 
1 
11. f(z) = 1 z 4-70, b=1,n=4 
a 
1 
12. f(x) = 0,b=1 n=4 
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1 

13. f(x) = Ces 0, b=1,n=4 
1 

M. f(e) = E 4=0,b=2 n=4 
1 

15 fe) = as 0, b—2, n—4 

16. f(x) "Yar", a= 0, b=2, n=4 


5.2 The Definite Integral 


Let f be a function that is continuous on a bounded and closed interval |a, b]. 
Let p = {a = zo < z1 < T2 Z ... < Zn = b} be a partition of [a,b], not 
necessarily equally spaced. Let 


mi = min{ f(x) : ti <x < zi}, i= 1,2,... n; 
Mi = max{ f wa < x < zi}, i= 1,2,... 1 
ATi = Ti — Tei, el EE , M 


A = max{ Az, : i = 1,2,... n}; 


L(p) = miAz, + MAT +... + m, At, 
We call L(p) the lower Riemann sum. We call U (p) the upper Riemann 
sum. Clearly Lin) < U(p), for every partition. Let 
Ly = lub(L(p) : p is a partition of [a, Al 
U; = glb(U(p) : p is a partition of [a, b]}. 


5.2. THE DEFINITE INTEGRAL 193 


Definition 5.2.1 If f is continuous on [a,b] and Ly = Uf = I, then we say 
that: 


(i) f is integrable on fa, b]; 
(ii) the definite integral of f(x) from x =a to x =b is I; 


(iii) 7 is expressed, in symbols, by the equation 


r= rayas 


(iv) the symbol“ f” is called the “integral sign”; the number “a” is called 
the “lower limit”; the number “b” is called the “upper limit”; the func- 
tion *f(x)” is called the “integrand”; and the variable “x” is called the 
(dummy) “variable of integration." 


(v) If f(x) > 0 for each x in [a,b], then the area, A, bounded by the curves 
y — f(x), y — 0, x — a and z — b, is defined to be the definite integral 
of f(x) from z = a to z =b. That is, 


A= / "reide, 


(vi) For convenience, we define 


n = 0, n == f fee 


Theorem 5.2.1 If a function f is continuous on a closed and bounded in- 
terval |a, b], then f is integrable on [a,b]. 


Proof. See the proof of Theorem 5.6.3. 


Theorem 5.2.2 (Linearity) Suppose that f and g are continuous on |a, b] 
and c, and c» are two arbitrary constants. Then 
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O [ae age f Hodet | gad 

(i) f t - atento f tode- f aen 

(iii) d afWjlr=4 d Fajas, [ agai =e, d Een 
| (efe eaten e f Acte zs f ots 


Proof. 
Part (i) Since f and g are continuous, f +g is continuous and hence by 
Theorem 5.2.1 each of the following integrals exist: 


[u Se Tun, and f Cor 


Let P = {a = £o < x1 < Ta <--> < Ep-1 < Ty = b). For each i, there exist 
number c, C2, c3, dy, da, and dz on [x;_1, x;] such that 
f(c) = absolute minimum of f on [xj 4, i], 
g(c2) = absolute minimum of f on [v; 1, x;], 
f (ca) + g(c3) = absolute minimum of f + g on [v; 1, xi], 
f(d1) = absolute maximum of f on [xj 3, xi], 
g(dz) = absolute maximum of g on [v; 1, x;], 
f (da) + g(da) = absolute maximum of f + g on |y; 1, xi]. 
It follows that 


f(a) + g(e2) € Fez) + gles) € f(da) + g(da) € f(di) + g(da) 
Consequently, 
Ly + Lg < L(g) S Ha S Ug + Uy (Why?) 


Since f and g are integrable, 


b b 
u=U=| fi s L=V,= | soy 


By the squeeze principle, 


b 
jussi ens f E 
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[UO - acte ras f aan, 


This completes the proof of Part (i) of this theorem. 
Part (iii) Let k be a positive constant and let F be a function that is con- 
tinuous on [a,b]. Let P = {a = xo < £1 € La € < X44 < Lp b] be 
any partition of [a,b]. Then for each i there exist numbers c; and d; such 
that F(c;) is the absolute minimum of F on [r; ;, z;] and F(d;) is absolute 
maximum of F on [r; 1, z;]. Since k is a positive constant, 

kF(c;) = absolute minimum of kF on [v; 1, x;], 

kF(d;) = absolute maximum of kF on [v; 1, x;], 

—kF(d;) = absolute minimum of (—k)F on [r; 1, xi]; 

—kF(c;) = absolute maximum of (—k)F on [r; 1, xl. 


and 


Then 
L(P) = F(a)Azi  F(eo)Aza + --- + F (cz) At, 
U(P) = F(di)Azi + F(dz)Aza + --- + F(d„)Atn, 
kL(P) = (kF)(c,)Ax, + (KF) (cp) Axa + ::: + (KF) (cp) An, 
kU(P) = (kF)(di)Azi + (KF) (dg) Axe + --- + (KF) (d,) Arn, 
—kU(P) = (-kF)(d,)Az, + (—kF)(do)Az2 + --- + (—kF)(d„)Azn, 
—kL(P) = (kF) (a) Aa, + (ABD) (co) Ata +--+ + (kF) (cn) Atn- 


Since F is continuous, kF and (—k)F are both continuous and 


b 
bsc f Todos 


b 
Leer) = Dunn = k(Lr) = k(Ur) = d F(2)dx 
Lu xp) = (—k)Up,U(-kp) = —kLr, 
and hence 


b 
Lir) = Urr) = (—F) f F(z)dz. 
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Therefore, 
| (af) + este) x afde + | cag(x)dx (Part (i)) 


=C1 f f(x)dx + ca uc (Why?) 


This completes the proof of Part (iii) of this theorem. 
Part (ii) is a special case of Part (iii) where c4 = 1 and c = —1. This 
completes the proof of the theorem. 


Theorem 5.2.3 (Additivity) If f is continuous on [a,b] and a < c < b, 


hen 
| | tom- faz | rade 


Proof. Suppose that f is continuous on [a,b] and a < c < b. Then f is 
continuous on Jo, cl and on [c,b] and, hence, f is integrable on [a,b), |a, c] 
and [c,b]]. Let P = (a = % < 11 < £2 < --:x, = b). Suppose that 
Mi Ace < x; for some i. Let P) = {a = £o < z1 < £2 < «wie 
and P, = (c € £i < Zip < +": < Zn = b}. Then there exist numbers 
C1, C2, C3, dy, do, and da such that 

f(c) = absolute minimum of f on [zi 4, c], 


f(di) = absolute maximum of f on [xj 4, c], 
f(c2) = absolute minimum of f on [c, xi], 
f(da) = absolute maximum of f on [c, xi]; 
f(c3) = absolute minimum of f on [xj 4, xi], 
f(d3) = absolute maximum of f on [xj 4, x], 


(cz) < fiel, f(es) € f(cz), f(di) € f(ds) and f(d>) < f(ds). 
It follows that 


L(P) € L(P,) + L(P2) € U(P,) + U(P2) < U(P). 


J to- f 10 f fons 


This completes the proof of the theorem. 


It follows that 
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Theorem 5.2.4 (Order Property) If f and g are continuous on [a,b] and 
f(x) € g(x) for all x in |a, b], then 


f feto s f oea: 


Proof. Suppose that f and g are continuous on [a,b] and f(x) < g(x) for 
all x in [a,b]. Let P= (a = zo < z1 < za <::: < 1, = b} be a partition of 
[a, b]. For each i there exists numbers c;, c7, d; and d; such that 

f(ci) = absolute minimum of f on [xi 3, xi], 

f(di) = absolute maximum of f on [v; 1, £il, 

g(c}) = absolute minimum of g on [xj 3, xi], 

g(d;) = absolute maximum of g on [z; 1, xil. 
By the assumption that f(x) < g(x) on [a,b], we get 


f(ci) € g(c;) and f(di) < g(d;). 


Hence 
Ls <L} and Us EU. 


[ totes [ oos 


This completes the proof of this theorem. 


It follows that 


Theorem 5.2.5 (Mean Value Theorem for Integrals) Jf f is continuous 
on |a, b], then there exists some point c in [a,b] such that 


d f(z)dz = f(ej(b — a). 


Proof. Suppose that f is continuous on [a,b], and a < b. Let 
m = absolute minimum of f on [a,b], and 
M = absolute maximum of f on [a,b]. 

'Then, by Theorem 5.2.4, 


wi ais [maes f res ée mu 
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and 


1 
b—a 


ms 


D "reide < M. 


By the intermediate value theorem for continuous functions, there exists some 
c such that 


fe) Lf fixes 


and 


b 
] fes = f — o) 
For a — b, take c — a. This completes the proof of this theorem. 


Definition 5.2.2 The number f(c) given in Theorem 5.2.6 is called the av- 
erage value of f on [a,b], denoted fala, b]. That is 


b 
e — f A 


Theorem 5.2.6 (Fundamental Theorem of Calculus, First Form) Suppose 
that f is continuous on some closed and bounded interval [a,b] and 


g(t) = | né 


for each x in [a,b]. Then g(x) is continuous on [a,b], differentiable on (a, b) 
and for all x in (a,b), g'(x) = f(x). That is 


a | [soa = ro. 
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Proof. Suppose that f is continuous on [a,b] and a < x < b. Then 


- h) — ouni 


Lo 
— 
8 
| 


/ =- D 
g (x) = lim 


= lim 
h—0 


n 

= 
= 
ZN 
~ 
— 
a 
oS 

| 

— 
FE 
— 
~ 
— 
a 
[2m 

y AS | 


= lim 
h—0 
ath 
= lim 
h—0 


"= ET RED 
py E 
SY 
= 
a 
= 
+ 
— 
+ 
c 
SY 
= 
& 
| 
„= 
SY 
= 
a 
¡E 
= 
E 
KN 
SE 


fitit 


= lim 
h—0 


[f (c)(z + h — zc) by Theorem 5.2.5) 


zle sle sle zle zle 


^A 
Q 
NS 


= lim 
h—0 
for some c between z and z + h. 
Since f is continuous on [a,b] and c is between x and x + h, it follows 
that 


g (x) = lim f(c) = f(x) 


h—0 


for all z such that a < x < b. 
At the end points a and b, a similar argument can be used for one sided 
derivatives, namely, 


Wear glz +h) — g(x) 
1a 
ducet n ARN) Qr) 
g (b) Jm 5 


We leave the end points as an exercise. This completes the proof of this 
theorem. 


Theorem 5.2.7 (Fundamental Theorem of Calculus, Second Form) Jf f 
and g are continuous on a closed and bounded interval |a, b) and g'(x) = f(x) 
on |a, b], then 


] nee = 910) - ao) 


We use the notation: [g(x)|? = g(b) — g(a). 
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Proof. Let f and g be continuous on the closed and bounded interval |a, b] 
and for each z in [a,b], let 


G(x) = / "réi 


Then, by Theorem 5.2.6, G'(r) = f(x) on [a,b]. Since G'(x) = g(x) for all x 
on la, b], there exists some constant C such that 


G(z) = g(z) - C 
for all z on [a,b]. Since G(a) = 0, we get C = —g(a). Then 


This completes the proof of Theorem 5.2.7. 


Theorem 5.2.8 (Leibniz Rule) Jf a(x) and B(x) are differentiable for all 
x and f is continuous for all x, then 


d B(x) 
2 | oe 


Proof. Suppose that f is continuous for all x and a(x) and (z) are differ- 
entiable for all z. Then 


a [ ree "HET ate) 
E n roa == | ROSI foal 


a [ poto ala) 
«lf roa- | ftdt 


= f(8(x)) - Plz) — f(a(z)) : a'(z). 


B(a) E ala) ate 
: (/ roa) 2771. GG (/ suya) a) 


- d(8(2)) (o 
= /(B(x)) 8'(x) — f(a(z)ja' (x) (by Theorem 5.2.6) 
This completes the proof of Theorem 5.2.8. 
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Example 5.2.1 Compute each of the following definite integrals and sketch 
the area represented by each integral: 


(i) / PE (ii) / Pere 


r/2 10 
(iii) d cosg dr (iv) J e"dx 
z 0 


r/2 
7/3 r/2 
(v) | tan z dr (vi) d cotz dr 
0 7/6 
7/4 37/4 
(vii) l seca dx (viii) d csc z dx 
—mr/4 7/4 


1 1 
(xi) n sinh z dx (x) n cosh z dx 
0 0 


We note that each of the functions in the integrand is positive on the re- 
spective interval of integration, and hence, represents an area. In order to 
compute these definite integrals, we use the Fundamental Theorem of Cal- 
culus, Theorem 5.2.2. As in Chapter 4, we first determine an anti-derivative 
g(x) of the integrand f(x) and then use 


/ f(z)dz = g(b) — ga) = te 


graph 
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graph 
(ii) f sin z dz = [—cosaj = 1 — (-1) = 2 
0 


graph 


r/2 
(iii) f cosa dr = [sin dl, =1-(-1)=2 
—n/2 


graph 


7/3 
(v) / tanz dz = [In| sec lU? = In sec (=)| = n2 
0 3 


graph 
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7/2 1 
(vi) f cot x dx = [In | sin z [5 = In(1) — In G) =]n2 
7/6 2 


graph 


7/4 
(vii) f sec z dz = [In | sec x + tan z[]/7,, = In |V2 + 1| 2 In|V2 — 1| 
—mr/4 


graph 
37/4 
(viii) d csc z dz = |- ln | csc £ + coral 
= =—In|/2 — 1/4 In| /2 + 1| 
graph 


1 
(ix) f sinh z dx = [cosh zl = cosh 1 — cosh 0 = cosh 1 — 1 
0 


graph 
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1 
(x) i cosh x dz = [sinh zo = sinh 1 
0 


graph 


Example 5.2.2 Evaluate each of the following integrals: 


(i) f Er (ii) d een 
(iii) i i od (iv) jA REC EET 
G / ld (vi) d “enone 


d 1 
AR e a 1l 
(i) Since di (In |z|) " 


10 1 
f — dz = [In ll = In(10) 
1 g 


(ii) Since L EL = sin(20), 


v/2 = r/2 
/ sin2x dx — n eso) = 
0 2 
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2 1 2 
(iv) | (z^ — 32? + 2x — 1)dx = E — a? +r’ — J 
0 0 


32 
m =04420 | eg 
CD 
2 
5 


4 


GA / "Pp E snh(22) | => cost) 


Example 5.2.3 Verify each of the following: 
4 3 4 
(i) d zs = | zd. f ada 
0 0 3 
4 4 
(ii) i x’dr < ji ada 
1 1 


(iii) aa n (Peta = z +3z+1 
0 


(iv) L J cos(t)dt 


= 3z? cos(x?) — 2x cos(z?). 
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E 22% AE 64 27) 64 
UMS Aud: qos uo 


Therefore, 


1 
4 474 
1 
f zda = B = (61 - i) 
i SE 4 
4 4 
Therefore, f ada < f a da. We observe that x? < z? on (1, 4]. 
1 1 


a + E a 
iii Ê+ 3t+1)dt X9 
(iii) ( 
0 3 2 0 


(iv) L Hn costat = L [550 


= g Sint”) — sin(z?)] 
= cos(x’) - 32? — cos(x?) - 2% 


= 3x? cos(x?) — 2x cos(z?). 


Using the Leibniz Rule, we get 


d a 
E v cos rar) = cos(x?) - 3a? — cos(z?) - 2x 


= 32? cos x? — 2: cos 27. 
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(v) The average value of sin z on [0,7] is given by 


— ([ sino de) 


Basic List of Indefinite Integrals: 


1 
E Pn qe te 


1 
9. f tantan) dx = S In | sec(ax)| + c 
1 ; 
11. cot(ax) dx = S In |sin(az)| + c 
13. 
17. 


tanh z dx = ln | cosh z| + c 


19. 


15. | saa dx = cosh z + c 


1 
sinh(ax) dx = = cosh(ax) + c 


3INAIHĘ al 


10. 


12, 


14. 


16. 


18. 


20. 


/ 
/ 


"dr = 


207 


[— cos zl, 


| 
— 

| 
mL 
— 
+ 
= 


sinz dx = —cosz + c 


] 5 dr = sin z + c 


n = In|sec zl + c 


cotz dz = In|sinz| +c 


coth z dz = In |sinhz| + c 


1 
cosh(ax) dz = F sinh(ax) + c 
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1 1 
21; | annlan) dx = — |n|coshaz|+c 22. | hen dx = — ln|sinh(ax)| +c 
a a 
23. [sca dx = In|secx + tan z| + c 24. | sca dx = — In|cscz + cot z| + c 
1 
25. | seoan) dx = — ln|sec(az) + tan(ax)| + c 
a 
—1 
26. | solan) dx = — In|csc(ax) + cot(ax)| + c 
a 
2 2 1 
27. sec^r dr = tanz +c 28. sec (ax) dr = — tan(ax) +c 
a 
: 2j 
29. üsc X dy = — cot x +c 30. csc? ru cot(ax) + c 
31. Jurado tma e 32: AA 
2 1 e 
33. sin Td => (x —sinzcosz) +c 34. COS 2 de = 5 (x +sinxzcosx) +c 
35. [me dx = sec x + c 36. IER dr = — csc x +c 


Exercises 5.2 Using the preceding list of indefinite integrals, evaluate the 


following: 


5 1 37/2 
1. | za 2. f sing dr 
1 t 0 


10 7/10 
4. d e* dx 5. I sin(5x) dx 
0 0 


37/2 
3. f cos z dx 
0 


7/6 
6. I cos(5x) dr 
0 
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1 2 
T. > cot(3x) 8. J e “dx 9. d e dr 
1/12 -1 0 


4 1 
10. rà sinh(2z) 11. | cosh(3x) dx 12. d tanh(2x) dr 
0 0 0 
7/6 7/6 
13. d coth(3z) 14. f sec(21)dx 15. d csc(2x) dx 
7/12 7/12 
7/6 7/4 
16. „A sec” 17. | csc’ (20) 18. d tan” © dx 
0 2/12 0 
T T/2 
19. ie cot? x dx 20. d sin? zdz 21; d cos? dr 
7/6 0 7/2 
déi 7/4 2 
22. f secrtanx dx 23. f csc g cot z dx 24. n e * dy 
7/6 71/6 0 


Compute the average value of each given f on the given interval. 


25. f(x) = sinz, Ex 26. f(x) = x^, [0,8] 
27. fla) = cosx, E z 28. f(x) = sin? x, [0, 1] 
29. f(x) = cos? x, [0, rr] 30. fro 2,2] 


Compute g'(x) without computing the integrals explicitly. 


x Ax? 
31. a) = | (1 + 0)?gt 32. so) = | arctan(x) dz 


0 2 


x2 


arcsinh x 
33. g(a) = f. Gap igs 34. g(x) = | LEW 


resin z 
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35. ate) = f H dt 36. a) = [aera 


in 2x 
sin(z?) Ki Ac 1 
3T. = 1+t dt 38. ———— 
ata) = LU nm | re 


x 


39. f arcsin(x) dx 40. f 2 dt 
x? Ing 


5.3 Integration by Substitution 


Many functions are formed by using compositions. In dealing with a com- 
posite function it is useful to change variables of integration. It is convenient 
to use the following differential notation: 


If u = g(x), then du = g'(x) dz. 


H 


The symbol “du” represents the “differential of u,” namely, g'(x)dz. 


Theorem 5.3.1 (Change of Variable) /f f,g and g' are continuous on an 
open interval containing |a, 6], then 


b g(b) 
O f ED de= | aa 


(i) | FOEDE) de= EOS 


where u = g(x) and du = g'(x) dz. 


Proof. Let f,g, and g' be continuous on an open interval containing (a, b]. 
For each z in |a, 0], let 


F(a) = | ao) 


and 


g(x) 
eae f NIC 
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Then, by Leibniz Rule, we have 


and 


for all x on [a, b]. 
It follows that there exists some constant C such that 


F(z)- G(z) +C 
for all x on [a,b]. For z = a we get 
0 = F(a) =G(a)+C€=0+C 


and, hence, 
C U 


Therefore, F(x) = G(x) for all x on [a,b], and hence 


/ f(g(2))g{(a)de = F(b) 


This completes the proof of this theorem. 


Remark 18 We say that we have changed the variable from x to u through 
the substitution u = g(x). 


Example 5.3.1 


where u = 3x, du = 3 dz, dx = — du. 
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(ii / pore / pom (5 du) 


= ind 
5 sind, 


3 
where u = z?, du = 2x dx, 3x dy = 5 du. 


Y ui NN EV Moa 
(iii) n e” z dx » GE du 3 [de 5 (e E 


1 
where u = z?, du = 2x dz, z dr = a dx. 


Definition 5.3.1 Suppose that f and g are continuous on [a,b]. Then the 


area bounded by the curves y = f(x), y = g(x), y =a and z = b is defined 
to be A, where 


A= | ie - oio) dz. 


If f(x) > g(x) for all z in [a,b], then 


A= | (G9) - a2) de. 


If g(x) > f(x) for all z in [a,b], then 


A= [ (ola) ei de. 


Example 5.3.2 Find the area, A, bounded by the curves y — sinz, y — 
cosg, x = 0 and z = T. 


graph 
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T T 

We observe that cosx > sinx on D d and sin x > cosx on P r]. There- 

fore, the area is given by 


T 
A E | sin x — cosz| dz 
0 


r/4 T 
= d (cos z — sin z) dx + f (sin x — cos z)dx 
0 7/4 


= [sin z + cos z]y/* + [7 cos z — sin z] yg 


Example 5.3.3 Find the area, A, bounded by y = x”, y = x°, x = 0 and 
x=2. 


graph 


We note that x? < x? on [0,1] and x? > z? on [1,2]. Therefore, by definition, 


A= [e € [€ cy de 


nl 
P 20 
E 
=> 


Example 5.3.4 Find the area bounded by y = x? and y = x. To find the 
interval over which the area is bounded by these curves, we find the points 
of intersection. 
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graph 


3 


poseqg-rz-—0ezxax-1-0 


exu lu cx eI AA 


The curve y = z is below y = z? on [-1,0] and the curve y = z? is below 
the curve y= x on [0, 1]. The required area is A, where 


A= f -a d+ Ui Tm 


1 


1 pos 1 47! 
jueza + a 


i 
NI ärt 
N| = 
| 
el rR 
A 
ESCH 
N| =| 
el = 


2 4 


Exercises 5.3 Find the area bounded by the given curves. 


LE dep 2. ay =e oye 
JES TEN n 4 y=8-2? y =r? 
: —T 
5. y—-3-2?, y=2x 6. UK Oe I eser eque 
2 i T 
T. y= + 4r, ges 8. y =SI 20, Nep ër 
9. y? = 4r, r—y=0 10. y =x +3, y= cosg, 7-20, t= 


Evaluate each of the following integrals: 


SE 
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11. n 3x dx 12, Jos 5x dx 
13. Jee dr 14. | 5e da 
15. fe tan(x? + 1) dz 16. Ton + 1) dz 
17. | etz — 1) dz 18. ES da: 
19. Je cosh(z? + 1) dz 20. | «e + 5) dx 
21. | 56 — T) dx 22. | zone + 1) dz 
23. fe coth(x®) dx 24. ES xcosx dr 
25. H tan” z sec? x dz 26. / cot? z csc? dr 
2f. ES xtanz dz 28. / csc? z cot x dz 
jd: / (arcsin z)” m J (arctan x)? ae 
Jie 14 a? 

1 " 7/6 

31. | Le dx 32. D sin(3r)dx 
0 0 
7/4 3 1 
: 4 34. d 

33 | cos(4x) dr / ESI x 

7/2 7/6 
35. | sin? z cosa dz 36. n cos? (32) sin 3x dr 

0 0 
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5.4 Integration by Parts 


The product rule of differentiation yields an integration technique known as 
integration by parts. Let us begin with the product rule: 


d 8 du(x) 


dv(z) 
+ (u(ejo(a)) = E | 


v(x) + u(x) da 


On integrating each term with respect to x from x — a to x =b, we get 


fz GORE ir= | ola) E ac f ue) (=) de 


By using the differential notation and the fundamental theorem of calculus, 
we get 


[u(z)v(z)]) = f ento dx + f «vto dx. 


The standard form of this integration by parts formula is written as 


and 


(11) nz = uv — | edu 


We state this result as the following theorem: 


Theorem 5.4.1 (Integration by Parts) Ifu(x) and v(x) are two functions 
that are differentiable on some open interval containing |a, b], then 


for definite integrals amd 


(ii) nz =w- [vt 


for indefinite integrals. 
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Proof. Suppose that u and v are differentiable on some open interval con- 
taining [a,b]. For each x on (a, b], let 


F(z) = f alias / alu 


Then, for each x on [a,b], 


Hence, there exists some constant C such that for each x on |a, b), 
F(x) = u(x)v(x) + C. 


For x = a, we get 
and, hence, 


Then, 


Consequently, 


b b 
d u(x)v'(z)dx = [u(b)v(b) — u(a)v(a)] — f v(z)u' (x)dz. 
This completes the proof of Theorem 5.4.1. 
Remark 19 The “two parts” of the integrand are “u(x)” and “v'(x)dx” or 


“u” and “dv”. It becomes necessary to compute u’(x) and v(x) to make the 
integration by parts step. 


Example 5.4.1 Evaluate the following integrals: 
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(i) f csinz dr (ii) | ge * da (iii) / (Inz) dz 


(iv) | soma dx (v) [ima da (vi) pe dx 


(i) We let u = x and du = sinz dx. Then du = dz and 


v(z) — E da 


= — cos T + c. 


We drop the constant c, since we just need one v(r). Then, by the 
integration by parts theorem, we get 


n dz = | udo 
=w- | odu 


= z(— cos x) — je cos x) dx 


= —1 cos z + Sin z + c. 


(ii) We let u = zx, du = dz, dv=e “dx, v= be? dx = —e ”. Then, 


fro dx —z(—-e ”) — [res dx 


= e "—e +c. 


1 
(iii) We let u = (ln x), du = S dz, dv = dz, v =x. Then, 


Joe de ee [2-2 ae 


=znz-z+c 
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1 
(iv) We let u = arcsin z, du = ———— du, dv = dz, v — x. Then, 


V1— x? 
f na . J z d 
arcsin z dz = zarcsinz — | ———— dz 
y1 -— zr? 


To evaluate the last integral, we make the substitution y = 1 — z?. Then, 
dy = —2xdx and x dx = (—1/2)du and hence 


x (—1/2)du 
Jae ue 


= er u "du 


= u? Le 
=y 1 -— r? +c. 
Therefore, 


E dx = xz arcsin z — V1 — x? + c. 


(v) Part (v) is similar to part (iv) and is left as an exercise. 


(vi) First we let u = z?, du = 2x dz, dv = e* dz, v = fen = e*, Then, 


[ve dx = ei — E dx 
= ge — 25 da. 


To evaluate the last integral, we let u = xz, du = dz, dv = e*dx, v = e”. 


Then 
[re da = vet — fe dx 


= re" — e* Le 
Therefore, 
pes dz = xe” — 2(re” — e” + c) 


= q?e* — 2xe* + 2e” — 2c 
= ele — 2x + 2) + D. 
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Example 5.4.2 Evaluate the given integrals in terms of integrals of the 
same kind but with a lower power of the integrand. Such formulas are called 
the reduction formulas. Apply the reduction formulas for n — 3 and n — 4. 


(i) f sin” x dx (ii) f csc”? x dz (iii) / cos" x dx (iv) 


I sec"? dr 


(i) We let 


u = (sinz)"^ !, du = (n — 1)(sinz)" ? cos z dz 
dv = sinx dz, v = E dx = — cost. 

Then 

E dz = fo z)^-!(sinz dx) 


= (sin z)"-1(— cos z) — je cos z)(n — 1)(sin z)” cos x dz 


= —(sin x)" cos z + (n — 1) | Gora — sin? z) dz 


= —(sin zx)? cos z + (n — 1) f (sin x)" "dx 


— (n — 1) ESE dz. 
We now use algebra to solve the integral as follows: 


fora dz + (n — 1) E dx = —(sin x)! cosx + (n — 1) Las da 


NEUE dz = —(sinz)" ! cosa + (n — 1) Lar dx 


—1 —1 
E dx = — (sin x)! cosx + Lami: Lar dz |. (1) 
n n 


We have reduced the exponent of the integrand by 2. For n =3, we get 
—1 2 
n dz = EC (sin x)? cos z + z | sina dx 


e cd 25 
De (sin x) cos T-n- COS T + c. 
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For n — 2, we get 


—1 1 
[swe dz = => (ina)cosa + z f 1 dx 


i £ 
> sin x cos z + 5 +c 


1 | 
> (x — sin z cos x) + c. 


For n =4, we get 


—1 
zw (sin x)? cos z + 


—1 3 
(EN de = ur (sin x)’ cos z + 1 [swe dx 
3 ; 
5 (x — sin z cos x) + c. 


In this way, we have a reduction formula by which we can compute the 
integral of any positive integral power of sin x. If n is a negative integer, 
then it is useful to go in the direction as follows: 


Suppose n = —m, where m is a positive integer. Then, from equation 
(1) we get 


—1 
d Lar dz = 


(sin x)” cos z + fo x)” dz 


Sle 


TL 


1 
Lar dz = EX (sin z)"^! cos x + SC (sin z)" dx 


n= mel 
je" xz dz = : (sin z) "-!cosz 
—m-— 1 
ql (sing) ™ dx 
— mM — 
esc™*? g dx = ex (esc x)” cot x + LU "nz x)” dzj. (2) 
m+ 1 m+ 1 


This gives us the reduction formula for part (iii). Also, 


= —2 
E dz = 7 (ese A cot z + — "nz quo dz. 
TL Ez 
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(ii) We can derive a formula by a method similar to part (i). However, let 
us make use of a trigonometric reduction formula to get it. Recall that 


COS x = sin € — z) and cos € — z) = sinz. Then 


Jos dz = | sin” (2-2) dx (let u = d du = dz) 


2 f sin^(u)(—du) 


== / sin" udu 


- | may cosut Cl furta] s W) 


TL 


(popa 
EE n-2 
“= (6-2) 4G -») 
ICE dz = - (cos z)"^! sin x + a cos” ?g dz |. (3) 


To get part (iv) we replace n by —m and get 


1 —m-1 
fees" dx = — (cosz) "-sinz + w fosa dx 


—1 +1 
[scons dx = — (secx)” tan z + RA fea dz. 
m m 


On solving for the last integral, we get 
1 
d sec? y dr = 
m-41 


n—2 
sec"? x tanz + ES 7?* dz. 


m 
m So UM m . 4 
(sec x) tanz 2 | se xz dx (4) 


Also, fsa di = 


In parts (ii), (iii) and (vi) we leave the cases for n = 3 and 4 as an exercise. 
These are handled as in part (i). 


Example 5.4.3 Develop the reduction formulas for the following integrals: 
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(i) | sd (ii) frota do (111) E (iv) [cost na 


(i) First, we break tan? z = sec? x — 1 away from the integrand: 


| ee dz = Js . tan? z dx 


= | rne — 1) dz 


IDE dz = a z da — Js dz. 


For the middle integral, we let u = tan as a substitution. 


Tuer: dz = Jura Tuer" dr 


n-1 
R 1 dE da 


TL m— 
t n—i 

= (ane — fra dx. 

n—1 
Therefore, 
t n—1 
frente de = - frs nÆll. (5) 
TU — 


| ena dx = m |secz| +cforn=l. 
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(ii) We use the reduction formula tan E — z) = cot z in (5). 


ICE AE fi € — z) da: (le u= 5 — x, du = -dz) 


Es / tan" u(—du) 


= JL du 


= — E — fiu du sel 


n-l 


cott r 


=— | - | ot 2a(do), ME 


TL — 
cot”! x 


=- + f oota da, nl 


n-l 


E dx = ln |sinz| +c, for n = 1. 


Therefore, 


cóż” Fe 


fore) dz = — + Jom: dx,n #1 (6) 


n— 1 


fore dx = ln | sin z| + c. 


(iii) IEN dx = Tue" z)(sinh z dz); u = sinh"^! z, dv = sinh z dz 


sinh"! x cosh z — J cosh z - (n — 1) sinh"? z cosh zdz 
= sinh"^! z cosh x — (n — 1) Jade" x(cosh? x) dx 
= sinh"^! z cosh x — (n — 1) Jade" z(1 + sinh? x) de 


= sinh"! z cosh x — (n — 1) Jade" dx — (n — 1) E do. 
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On bringing the last integral to the left, we get 


ZEE da = sinh"! x cosh z — (n — 1) Jade" x dr 


1 =-1 
Jura di = E sinh"! cosh x — — | es daz |. (zj 


(iv) Juro de = [cost 1)(cosh z dz); u = cosh! x, dv = cosh x dx,v = sinh x 


cosh"-! (x) sinh z — IEN a(n — 1) cosh”"? z sinh zda 
= cosh"! z sinh x — (n — 1) [eos x sinh? z dz 
= cosh"! z sinh x — (n — 1) fow z(cosh? z — 1) dz 
= cosh"! z sinh x — (n — 1) ES x dz 
+(n — 1) f cosh"? x dz 
fose x dx +(n — 1) foose x dx = cosh" ^! x sinh x 
+(n — 1) f cosh”? x dr 


n f cosh x dx = cosh" ! zsinh z + (n — 1) | 7 Gda 


1 —1 
IDE dz = — cosh"-!zsinhz + —— | cost? x dr (8) 
n n 


Example 5.4.4 Develop reduction formulas for the following: 
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(1) pas dx (11) s In z dr (iii) fo x)” dz 
(iv) „e sin x (v) Dei cos x dr (vi) je sin(ln x) dz 


(id) Jj nds 


(i) We let u = z”, dv =e" de. du = nz™™tdz, v = e”. Then 


Jee dace" = feo) dx 
= ghe? — La dx. 


Therefore, 


ae dx = xe" — n fore dz |. (9) 


(ii) We let u=lnz, du = (1/z) dz, dv = x” dz, v=x"*/(n+1). Then, 


n+1 n+1 1 
fma de = az dE -— da 
n+1 n+l x 


a ng) 1 m 
— n+l -— fe er 


gn+1(In x) goti 


caer n 
Therefore, 
"mm 
forme oe Rae (n+ 1) n(x) - 1] +c}. (10) 


1 
(iii) We let u = (Inz)", du=n(Inz)""'=— dz, dv = dz, v = x. Then, 
z£ 


fo dante fe sin pedi - dé 
EJ / (na dz 
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Therefore, 


[o dx = z(ln x)” — n [nay dz |. (11) 


(iv) We let u = z^, du = nz"-!dz, dv = sinz dz, v = —cosz. Then, 


fe sin z dx = x"(—cosx) — je cosz)na” " de 


= —x" COST = pm cos z dz. 


Again in the last integral we let u = x""*, du = (n — Un" dr, dv = 
cosg dx, v = sing. Then 


o cos z dr = x" sina — | ze — 1)z"-?dz 


= DT sing — (n — 1) de sin z dz. 


By substitution, we get the reduction formula 


e sing dr = —x"cosx+n pee sin z — (n — 1) jg sin z de] 


G sin z dx = —z" cosg + ma”? sing — n(n — 1) e sing dX12) 


(v) We can use (*«) and (x) in part (iv) to get the following: 
Jan cosz dz = z" sinz — (n — 1) Jn sinx dr by (s) 


= g"! sing — (n — 1) Le cosg + (n — 2) E COS © dz] by (+) 
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jes cos 1 dz = 1” "z+(n-l)x" * cos x—(n—1)(n—2) ‘i z" ? cos x dz. 


If we replace n by n + 1 throughout the last equation, we get 


je cosg dz = z"sinz + na” cosg — n(n — 1) je cos z dx 


(13) 


(vi) We let dv =e dz, v = ef, u = sin(br), du = bcos(br) dx. Then 


Sie 


fe sin(bx) dz = - ci" sin(bx) — JG cos(bx) dz. (zz 


ax 


1 
In the last integral, we let du = e""dz, v = — e°”, u=cosbx. Then 
a 


1 b 
pe cos(bx) dz = z e°” cos ba + » fe sin bx dr (o xx) 


First we substitute (x * xx) into (* * *) and then solve for 


f e” sin bx dz. 


1 b hae b 
fe sin bx dz = — e" sin bz — — E e” cos bx + — ]* sin bx iz] 
a a la a 
eat . b2 . 
= > (asinbr — bcosbr) — — | azsinbz dz 
a a 


2 ax 
(1 + =) je sin br dx = = (asin bx — bcosbx dx) 
a 


ax 


fe sin bx dx = ZIE (asin br — bcosbz) +c]. (14) 
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(vii) We start with (* * x) and substitute in (14) without the constant c and 
get 


f e” cos bx dz = 


b 
e” cos bx + — | e” sin br dr 
a 


alse SIŁ 


e” cos bx + 9 am (a sin bx — b cos ha) +c 


1 1 : p? 
=e |= cosbe+ ——— | bsinbr — — cosbr || +c 
a a? + b? a 


= ZIE [bsinb + acosbz] + c 
Therefore, 
fe cos ba dz = ZIE [bsin bx + acosbz] +c). (15) 


Exercises 5.4 Evaluate the following integrals and check your answers by 
differentiation. You may use the reduction formulas given in the examples. 


n Jae da 2. To, 3. Las 
4. [es dx 5. Je s fe 
[e [es 


sin 3x dr cos 2x dr 


Le EL da 8. x^ cos3x dx 9. zln(x + 1) 


arcsin(2z) dx arccos(2r) dx 12. arctan(2x) 


/ x / 
E Aj 
/ / i 


3 


x?’ sing dx 18. 3 


«a? nz dx 17. x? cosx dx 
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19. E da 20. E dx 21. | ores 
22. | imme da 23. E dx 24. ES x dz 

25. Jus dx 26. (EN dr 27. Toi: dr 

28. ES x dx 29. Tac: dr 30. ES x dw 
31. E sinh z dr 32. les cosh z dx 33. je sinh z dx 
34. de cosh x dr 35. Ton 36. | ^ 

aT. | einga) da 38. fros + dz 39. E + 1)dz 
40. f pou 41 | x 107 dx 42. | 65107 08 
43. E 44. | soi (3x)dx 45. n (2z)dx 
46. E Made LE J set (3z)dz 48. Josee: dr 
50. E da 


5.5 Logarithmic, Exponential and Hyperbolic 
Functions 


With the Fundamental Theorems of Calculus it is possible to rigorously de- 
velop the logarithmic, exponential and hyperbolic functions. 
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Definition 5.5.1 For each x > 0 we define the natural logarithm of x, de- 
noted In z, by the equation 


Theorem 5.5.1 (Natural Logarithm) The natural logarithm, ln x, has the 
following properties: 


1 
(1) L (ln z) = > > 0 for all x > 0. 


The natural logarithm is an increasing, continuous and differentiable 
function on (0, oc). 


(ii) If a » 0 and b > 0, then n(ab) = In(a) + In(b). 
(iii) If a > 0 and b > 0, then n(a/b) = In(a) + ln(b). 

(iv) If a > 0 and n is a natural number, then In(a”) = nlna. 
(v) The range of 1nx is (—00,00). 


(vi) ln x is one-to-one and has a unique inverse, denoted e”. 
Proof. 


(i) Since 1/t is continuous on (0, oo), (i) follows from the Fundamental The- 
orem of Calculus, Second Form. 


(ii) Suppose that a > 0 and b > 0. Then 


ab 1 
In(ab) — 1 - dt 
1 t 


ay ab 1 
ET — dt 
1 t a t 


1 ] 
= lna + 2 T (ve it du= at) 


= Ina + In b. 
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(ii) If a > 0 and b > 0, then 


= Ina — In b. 


(iv) If a > 0 and n is a natural number, then 


as required. 


(v) From the partition {1,2,3,4,---}, we get the following inequality using 
upper and lower sum approximations: 


graph 


= RE Zna cipe 
SAWA qn 273 


5.5. LOGARITHMIC, EXPONENTIAL AND HYPERBOLIC FUNCTIONS233 


Hence, In4 > 1. In(4") = nln4 > n and I1n4* = —nln4 < —n. By 
the intermediate value theorem, every interval (—n,n) is contained in 
the range of In x. Therefore, the range of In z is (—00,00), since the 
derivative of In x is always positive, In z is increasing and hence one-to- 
one. The inverse of In x exists. 


(vi) Let e denote the number such that In(e) = 1. Then we define y — e” if 
and only if z = In(y) for x € (—00,00),y > 0. 


This completes the proof. 


Definition 5.5.2 If z is any real number, we define y = e” if and only if 
xz = lny. 


Theorem 5.5.2 (Exponential Function) The function y = e” has the fol- 
lowing properties: 


(i) e = 1, In(e*) = x for every real x and L (e) = e. 


(ii) e°- e) = e°? for all real numbers a and b. 


(iii) 5 = e** for all real numbers a and b. 
(iv) (e*)" = e"* for all real numbers a and natural numbers n. 


Proof. 


(i) Since In(1) = 0, e? = 1. By definition y = e” if and only if z = In(y) = 
ln(e”). Suppose y = e”. Then x = In y. By implicit differentiation, we 
get 


ja WAW y 0.2 
y dz’ dz l 
Therefore, 
d 
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(ii) Since In x is increasing and, hence, one-to-one, 


: e”) = In(e**^) MEN 


(ii)  Ż=e*4 


na = na. 


Therefore, for all real numbers a and natural numbers n, we have 
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Definition 5.5.3 Suppose b > 0 and b Z 1. Then we define the following: 
(i) For each real number x, b” = eh, 


Ing 
ii =] =. 
(ii) y = log, z mb 


Theorem 5.5.3 (General Exponential Function) Suppose b > 0 and b ź 1. 
Then 


(i) In(b”) = x1nb, for all real numbers z. 

(11) L (b^) = b” lnb, for all real numbers z. 
(iii) fer, b72 = frz, for all real numbers xı and xə. 
(iv) — = b” 22, for all real numbers zı and xo. 

(v) (oz = bz, for all real numbers xı and z3. 
(vi) fe dx = 4 

Inb 

Proof. 
(i) Ta(b*) = infer?) = 9 lnb 


m Sas 


(e PX) = eh, (Inb) (by the chain rule) 
x 


= b” nb. 

(iii) pur. p72 = grilnb, ¿tamb 
= e In b4-z3 In b) 
= e (i22) nb 


— pit) 


236 CHAPTER 5. THE DEFINITE INTEGRAL 


bu ę"1lnb 
(iv) bz = ev2 Inb 
= gu ln b— zə ln b 
= ei -22)Inb 
= plea), 


(v) By Definition 5.5.3 (i), we get 
(pem = erin") 

— et2In(e* Wa 

— gro nb 

0112) Inb 


= pisa, 


(vi) Since 
> [h^ = b” lnb, 
a 
we get 


feo b) dx = b” +c, 
mo f be dx = b* +c, 


b* 
? dy = — + D 
fe da PEE ; 


where D is some constant. This completes the proof. 


Theorem 5.5.4 If u(x) > 0 for all x, and u(x) and v(x) are differentiable 
functions, then we define 


y = (u(z))'(9 = eO mue), 
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Then y is a differentiable function of x and 


dy d ść dea) u (z) 
= z oy = uy Gym) SA 


Proof. This theorem follows by the chain rule and the product rule as follows 


! 1 
MUS Cad sk 7 nu | nue = = u” [muto u . 
u u 


Theorem 5.5.5 The following differentiation formulas for the hyperbolic 
functions are valid. 


R. z ., d 
(i) dz (sinh x) = cosh x (ii) zm (cosh x) = sinh x 
(iii) xa (tanh 1) = sech?z (iv) e (coth x) = —csch?z 
dr B dr a 
(u) E (secha) = anch tere (ei) © (esch) = —csch xcoth 
u) 4, (sechx) = -sech a tanh x vi) q, (csch x) = —csch s coth z 


Proof. We use the definitions and properties of hyperbolic functions given 
in Chapter 1 and the differentiation formulas of this chapter. 


(i) L (sinh z) = < (: > ) ss " = cosh x. 


d d fe +e” prep 
11 A icem — = i h A 
(ii) di (cosh x) di ( ) sinh z 


| RNA 
(ii) ` Cone d E 8 (cosh z)(cosh x) — sinh(sinh x) 


dx \ cosh z (cosh x)? 


cosh? x — sinh? x 1 y 
= = = sech“z 
(cosh x)? cosh x)? 
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(iv) - (coth x) = L (tanh z) ! = —1(tanhz) ?- sech?z 


cosh? x 1 1 
H 2 a 
sinh^z cosh^z sinh* z 
= —csch?r. 


d d 
(v) E (sechz) — T (cosh z) ! = —1(cosh z) ? - sinh z 
= — sech z tanh z. 
(vi) = (csch z) = — (sinhz) ! = —1(sinh z)” - cosh z 
da x 
= — coth x csch x. 
This completes the proof. 
Theorem 5.5.6 The following integration formulas are valid: 


(i) [sone dx = coshz +c (it) n dx = sinh z + c 
(iii) n dx = In(cosh x) + c (iv) | ose = In |sinh z| + c 
| x 
(v) jj sech z dx = 2arctan(e”) + c (vi) f csch x dx = ln [tanh (2) tc 


Proof. Each formula can be easily verified by differentiating the right-hand 
side to get the integrands on the left-hand side. This proof is left as an 
exercise. 


Theorem 5.5.7 The following differentiation and integration formulas are 
valid: 
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1 


~d : a à da 
(1) — (arcsinh z) = LE (11) a 


dx 


= arcsinh z + c 


mao "fa 


(iii) L (arccosh x) = = arccosh z + c 


d 1 1 
(v) E (arctanh z) — Tog? |x| « 1 (vi) lo da = arctanhz + c 


Proof. This theorem follows directly from the following definitions: 
(1) arcsinh x = ln(x + V1 + 2?) (2) arccosh z = ln(x + yx? — 1) 


1 l+zx 
hz=- In| —— 1. 
(3) arctanh z S dE 


The proof is left as an exercise. 


Exercises 5.5 


1. Prove Theorem 5.5.6. 
2. Prove Theorem 5.5.7. 


3. Show that sinh mz and cosh mz are linearly independent if m 4 0. (Hint: 
Show that the Wronskian W (sinh mz, cosh mx) is not zero if m # 0.) 


4. Show that e" and e ”* are linearly independent if m ź 0. 


5. Show that solution of the equation y" — m?y — 0 can be expressed as 
y = ce"? + ee m. 


6. Show that every solution of y" — m?y = 0 can be written as y = 
A sinh mz 4- B cosh mz. 


7. Determine the relation between cı and © in problem 5 with A and B in 
problem 6. 


8. Prove the basic identities for hyperbolic functions: 
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(i 
(ii 


sinh(z + y 


( 
( 


) = sinh z cosh y + cosh x sinh y. 
sinh(x — y) = sinh x cosh y — cosh sinh y. 


(ii) cosh(x + y) = cosh x cosh y + sinh z sinh y. 


sinh 27 = 2sinh x cosh x. 


(v 


(vi 


) 
) 
) 
(iv) cosh(x — y) = cosh x cosh y — sinh x sinh y. 
) 
) cosh? x + sinh? x = 2cosh? x — 1 = 14 2sinh? x = cosh 2x. 
) 


(vii) cosh? x — sinh? z = 1, 1 — tanh? z = sech?z, coth?z — 1 = csch?z. 
9. Eliminate the radical sign using the given substitution: 


(i) Va” +a?, c = a sinht (ii) Va? —z?, x = tanht 
(ui) va? — a?, x= a cosh t. 


10. Compute y’ in each of the following: 


(i) y = 2sinh(3z) + 4 cosh(2x) (ii) y = 4tanh(5z) — 6coth(3z) 
(iii) y = x sech (2x) + x? csch (5x) (iv) y = 3sinh*(4x + 1) 
(v) y = 4cosh*(2x — 1) (vi) y = sinh(2z) cosh(3x) 


11. Compute y' in each of the following: 


2 


(icy Ege (MRS (iii) y = (x? + 12) 
(iv) y —log;g(z?--1) (v) y= logo(secz +tanz)(vi) y= 106-0 
12. Compute y’ in each of the following: 
(i) y=clnz=z (ii) us ln(z + Va? —4) (äi) y= ln(x + VA4 22) 


(iv) IER In (>) (v) y= arcsinh (3x) (vi) y — arccosh (3x) 


5.5. LOGARITHMIC, EXPONENTIAL AND HYPERBOLIC FUNCTIONS241 


13. 


14. 


15. 


Evaluate each of the following integrals: 
(1) INO dx (11) [oe da (iii) je ln(x + 1) dr 
(iv) | 7 2x dz (v) n 3x dr (vi) Jar da 


Evaluate each of the following integrals: 


(i) uu da (ii) | sme da (iii) | sm da 


Logarithmic Differentiation is a process of computing derivatives by first 
taking logarithms and then using implicit differentiation. Find y' in each 
of the following, using logarithmic differentiation. 


| tp do CN. a341 
(i) y= (33 4-25 (3 +3)4 (ii) y = (a? c 4) 79 


(iii) y = (sina + 3)400e2+7) (iv) y = (Bsinh z + cosa +5)" +0) 


(v) y= (e + NR (vi) y= r(x? + pe 


In problems 16-30, compute f'(x) each f(x). 


16. 


18. 


20. 


Time 8 sinh?(t)dt 1T. af cosh?(t) 


cosh x sech x 

f(x) = f (1 + t)3Pdt 19. =f ( a+ Pa 
sinh x tanh z 
(In x)? ¿a? 

f(x) a) (4 + ys dt 21. f(x) SR (1 + 4t?)"dt 
lng ev 
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COST 1 37 1 
22. f(x) = | (4 8)32 dt 23. f(x) = / (44 852 dt 
530 log; x 
24. f(x) = | (1 $28)? dr 25. f(t) = / (1+ 55)! ?dt 
42x log, x 


arccosh z 1 4% E 
26. f(x) gd +232 dt ZA f(x) = ie et dt 


rcsinh z 


pcos & 


cosh(x?) 
28. f(a) = | e *dt 29. f(a) | e "dt 
1 S 


sin z inh(z2) 
arccoth z 

30. f(x) -| sin(t?)dt 
arctanh z 


In problems 31-40, evaluate the given integrals. 


arctan x arcsin x 
Ge Sieg d 32. SE da: 33. Lem cos 2x dx 


2x 
Zei da 35. == dx 36. je cos(1 + Zei dr 
1 + e? 


/z?—1 


40. x 10° *3 da 


g8resecc 
aT. ud (2+e”)dx 38. | sns da 39. [Fe 
z 


5.6 The Riemann Integral 


In defining the definite integral, we restricted the definition to continuous 
functions. However, the definite integral as defined for continuous functions 
is a special case of the general Riemann Integral defined for bounded functions 
that are not necessarily continuous. 
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Definition 5.6.1 Let f be a function that is defined and bounded on a 
closed and bounded interval [a,b]. Let P = {a = zo < 11 < t2 <- < 
Ea = b} be a partition of Je A. Let C = fora, gó c; € x; i = 1,2; n] 
be any arbitrary selection of points of [a, b]. Then the Riemann Sum that is 
associated with P and C is denoted R(P) and is defined by 


R(P) = Ziler lan — xo) + f (eo) (a — x1) += + f (es) Sn fe Al 
= y» Hex; = GaN) 


Let Agi = zi — ti—1, 1 = 1,2,- n. Let ||Al| = max {Azx;}. We write 


i=1 
We say that 
lim e NI 
IIA||>0 2,1 ) 


if and only if for each e > 0 there exists some ô > 0 such that 


So f(c)Azi- I 


i=l 


< € 


whenever ||A|| < 6 for all partitions P and all selections C that define the 
Riemann Sum. 

If the limit 7 exists as a finite number, we say that f is (Riemann) inte- 
grable and write 


Ta di. 


Next we will show that if f is continuous, the Riemann integral of f is 
the definite integral defined by lower and upper sums and it exists. We first 
prove two results that are important. 


Definition 5.6.2 A function f is said to be uniformly continuous on its 
domain D if for each e > 0 there exists ô > 0 such that if |z; — xa] < ô, for 
any x, and x2 in D, then 


Ife) — f(x2)| < €. 
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Definition 5.6.3 A collection C = (U, : U, is an open interval} is said to 
cover a set D if each element of D belongs to some element of C. 


Theorem 5.6.1 If C = {Ua : U, is an open interval} covers a closed and 


bounded interval |a, b], then there exists a finite subcollection B = (Ua, , Ua; - - - 


of C that covers |a, b]. 


Proof. We define a set A as follows: 
A= (x : x € [a,b] and [a, x] can be covered by a finite subcollection of C}. 


Since a € A, A is not empty. A is bounded from above by b. Then A has a 
least upper bound, say lub( A) = p. Clearly, p € b. If p < b, then some U, 
in C contains p. If U, = (aa, ba), then ag < p < ba. Since p = £ub(A), there 
exists some point a* of A between a, and p. There exists a subcollection 

B = (Ua, +> ,Ua, } that covers Jo, a*]. Then the collection 

Bı =+U4,,*:* Uan, Ua) covers [a, ba). By the definition of A, A must 
contain all points of [a,b] between p and ba. This contradicts the assump- 
tion that p = £ub(A). So, p = b and b € A. It follows that some finite 
subcollection of C covers [a, b] as required. 


Theorem 5.6.2 If f is continuous on a closed and bounded interval |a, b), 
then f is uniformly continuous on |a, b]. 


Proof. Let e > 0 be given. If p € [a,b], then there exists 6, > 0 such 
that |f(x) — f(p) < e/3, whenever p — dy < x < p+6,. Let U, = 


1 1 
EE bp, p + 3 dp |. Then C = (U, : p € [a,b]) covers [a,b]. By The- 
orem 5.6.1, some finite subcollection B = (U,,,U,,,... ,Up, ) of C covers 
1 
[a,b]. Let 6 = z mintóp, :1=1,2,---,n). Suppose that le — xa] < 6 for 
any two points x, and c» of [a,b]. Then zı € Up, and 22 € U,, for some p; 
and p;. We note that 
Ip; — pj] = (pi — 21) + (1 — 22) + (z2 — pell 
€ lp; — zi| + |z1 — La] + |x2 — pe 
1 1 
€ 3 ów titg Sp, 


S max(óp,, Ôp; p 


, Uan} 
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It follows that both p; and p; are either in Up, or U,,. Suppose that p; and 
pj are both in U,,. Then 


[za — p;| = (1a — 21)| + (x1 — pi) 
< |z2 — 010 |z1 — pil 
1 
<ô+ 3 Ôp; 
< Ôp,- 


So, £1, £2, p; and p; are all in U,,. Then 


f (21) — fea) | = Fler) — FP) + Fi) — Fez)! 
zl) = F(pi)| MG) — f(v2)| 


PRE: 
3 3 
AE: 


By Definition 5.6.2, f is uniformly continuous on |a, b]. 


Theorem 5.6.3 If f is continuous on [a,b], then f is (Riemann) integrable 
and the definite integral and the Riemann integral have the same value. 


Proof. Let P = {a = zo < £1 < T2 < ... < £n = b} be a partition of |a, b] 
and C = (cj: xi € cj < $t, = 1,2,... ,n) be an arbitrary selection. For 
each i = 1,2,... ,n let 

m, = absolute minimum of f on Lo: 1, xı] obtained at c, f(c;) = mi; 

M, = absolute maximum of f on [v; 1, zc obtained at c;*) = M;; 

m = absolute minimum of f on [a,b]; 

M = absolute maximum of f on [a, b); 


R(P) = 5 | f(c)Aas, 


i=1 
Then for each 4 = 1,2,... , n, we have 
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We recall that 


n n 


- Yon Am RP) SD NE An UP) > eam. 


i=1 i=1 


We note that L(P) and U (P) are also Riemann sums and for every partition 


P, we have 
L(P) € R(P) < U(P). 


To prove the theorem, it is sufficient to show that 
lub(L(P)) = glb{U(P)}. 


Since f is uniformly continuous, by Theorem 5.6.2, for each e > 0 there is 
€ 

some ô > 0 such that |f(z)— f(y)| < = whenever |x—y| < 6 for x and y in 
—a 

[a, b]. Consider all partitions P, selections C = (ci, C* = (c; C* = {c*} 

such that j 


IA = max (z; — 2-1) < g. 


Then, for each 1=1,2,...,n 


Kei?) — FDI < — 
FG) = f(e9l « —— 
te) - Dell < — 


i=1 
< DMG") JEA; 
$e 
E n 
< = > 


It follows that 


lub(L(P)) = lim, R(P)p = glb{U(P)} = I. 
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By definition of the definite integral, / equals the definite integral of f(x) 
from x = a to x = b, which is also the Riemann integral of f on [a,b]. We 


write ; 
= f f(x) dx 
This proves Theorem 5.6.2 as well as Theorem 5.2.1. 


Exercises 5.6 


1. Prove Theorem 5.2.3. (Hint: For each partition P = (a = zo < z1 < 
. < Zn = b] of [a,b], 


g(b) — g(a) = [g(z«) — g(£n-1)] Ile Al" g(£n-2)] +... + ole — giel 


for some selection C = (cj: zx; 4 < G < z; i =1,2,--- ,n).) 
2. Prove Theorem 5.2.3 on the linearity property of the definite integral. 
(Hint: 
b n 
| [Af (x) + bg(z)] dz = ER Kë [Af (ci) + Gotell, [£i — 21) 
a qM 
= lim [A (ci)Ax; + B (ci) Az; 
ap, («Esos Ean) 
= ci) Az; | + B. ala cz) AT; 
ka m$ fejan) +B ga ra 


-af Neon 
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3. Prove Theorem 5.2.4. 


(Hint: [a,b] = [a,c] U [c, b]. If P = {a = to < zı <... < En = b}isa 
partition of [a,b], then for some i, P} = {a = 29 < ... Lia < € < Ti < 

. < Zn = b} yields a partition of [a,b]; {a < £o < -+ - < zi <cjisa 
partition of [a,c] and (c < u; < +++ < £n = b} is a partition of [c, b]. The 
addition of c to the partition does not increase ||A ||.) 


4. Prove Theorem 5.2.5. 


(Hint: For each partition P and selection C we have 
2 4 (oem) «o» soe) 
i=1 i-l 


5. Prove that if f is continuous on [a,b] and f(x) > 0 for each x € [a,b], 


then , 
f f(x) da > 0. 


(Hint: There is some c in [a,b] such that f(c) is the absolute minimum 
of f on [a,b] and f(c) > 0. Then argue that 


0< f()(b—a) € L(P) < U(P) 
for each partition P.) 


6. Prove that if f and g are continuous on [a,b], f(x) > g(x) for all x in 


[a, b], then ; : 
/ F(z) dz > | g(x) dz. 


(Hint: By problem 5, 
b 
d (f(x) — g(x) de > 0. 


Use the linearity property to prove the statement.) 


7. Prove that if f is continuous on Jo, b], then 


s. If (w)lde. 


) dz| < 
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10. 


(Hint: Recall that —|f(x)| € f(x) € |f(«)| for all x € [a,b]. Use problem 
5 to conclude the result.) 


Prove the Mean Value Theorem, Theorem 5.2.6. 
(Hint: Let 
m = absolute minimum of f on [a,b]; 


M = absolute minimum of f on Io, b]; 
1 b 
fala] = p | f) de 


m(b — a) < d f(x)dx € M(b — a). 


Then m < f,,[a, 0| < M. By the intermediate value theorem for contin- 
uous functions, there exists some c on [a,b] such that f(c) = fa.la,b|.) 


Prove the Fundamental 'Theorem of Calculus, First Form, Theorem 5.2.6. 


(Hint: 


9 (2) = lim ` 


1 x+h X 
= im > n roa- | roa 
x x+h x 
= lim > M f(t) t. f roa- | Flea 
1 x+h 
= lim A n fiit 
= lim f(c), (for some c, x € c € z - h;) 


= f(x) 
where z < c € z + h, by Theorem 5.2.6.) 


Prove the Leibniz Rule, Theorem 5.2.8. 


(Hint: 
B(x) B(x) a(x) 
dt = dt — d 
rn Fat f f(t)at Fat 


for some a. Now use the chain rule of differentiation.) 
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11. Prove that if f and g are continuous on [a, b] and g is nonnegative, then 
there is a number c in (a, b) for which 


[soso ae = rto f ot de 


(Hint: If m and M are the absolute minimum and absolute maximum of 
f on [a, 0], then mg(x) € f(x)g(x) € Mg(x). By the Order Property, 


WIEC |dr< f fto PUN 


ms OWO Lew (ef ale) de 40). 


By the Intermediate Value Theorem, there is some c such that 


— fe fear) de 
d m 


frost ée = rto f ot de 


b 
If f g(x) dx = 0, then g(x) 20 on [a,b] and all integrals are zero.) 


Remark 20 The number f(c) is called the weighted average of f on [a,b] 
with respect to the weight function g. 


5.7 Volumes of Revolution 


One simple application of the Riemann integral is to define the volume of a 
solid. 


Theorem 5.7.1 Suppose that a solid is bounded by the planes with equations 
x — a and x = b. Let the cross-sectional area perpendicular to the x-axis at 
x be given by a continuous function A(x). Then the volume V of the solid is 
given by 


v= f ac ae 
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Proof. Let P = (a = £o < z1 < £2 < --- < £n = b} be a partition of [a,b]. 
For each i = 1,2,3,--- ,n, let 

V; = volume of the solid between the planes with equations x = 1,_¡ and 
T = X, 

m, = absolute minimum of A(x) on [vj 4, x], 

M; = absolute maximum of A(x) on [r; 1, zil, 

Az; = Ti — X1. 
Then 


Vi 
mie < Vi < MAS Mm; < Es < Mi. 
Ti 


Since A(x) is continuous, there exists some c; such that rz; ; < c; < M; and 


Mi; < Ale) = M < M; 
Li 


i=1 


It follows that for each partition P of Jo. b] there exists a Riemann sum that 
equals the volume. Hence, by definition, 


v= f Ac) ae 


Theorem 5.7.2 Let f be a function that is continuous on [a,b]. Let R 
denote the region bounded by the curves x =a, x =b, y — 0 and y = f(x). 
Then the volume V obtained by rotating R about the x-axis is given by 


V= f sote. 


Proof. Clearly, the volume of the rotated solid is between the planes with 
equations x = a and z = b. The cross-sectional area at z is the circle 
generated by the line segment joining (z, 0) and (z, f(x)) and has area A(x) = 
n(f(x))?. Since f is continuous, A(x) is a continuous function of x. Then by 
Theorem 5.7.1, the volume V is given by 


SEO 
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Theorem 5.7.3 Let f and R be defined as in Theorem 5.7.2. Assume that 
f(x) > O for all x € [a,b], either a > 0 or b < 0, so that [a,b] does not 
contain 0. Then the volume V generated by rotating the region R about the 
y-axis is given by 


b 
v= | (ref (xj) dz. 
Proof. The line segment joining (x,0) and (x, f(x)) generates a cylinder 


whose area is A(x) = 2rxf(x). We can see this if we cut the cylinder 
vertically at (—x,0) and flattening it out. By Theorem 5.7.1, we get 


b 
Baj 2rx f(x) dz. 


Theorem 5.7.4 Let f and g be continuous on |a,b| and suppose that f(x) > 
glx) > 0 for all x on [a,b]. Let R be the region bounded by the curves 
rz —a,z-—b,y- f(x) and y = g(x). 


(i) The volume generated by rotating R about the x-axis is given by 


/ TF) — (g(z))”] da. 


(ii) If we assume R does not cross the y-axis, then the volume generated by 
rotating R about the y-axis is given by 


V= | 2nz|f (x) — g(z)]dz. 


(i) If, in part (ii), R does not cross the line x = c, then the volume generated 
by rotating R about the line x = c is given by 


v= | Zeie — e| (2) — atelde 


Proof. We leave the proof as an exercise. 
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Remark 21 There are other various horizontal or vertical axes of rotation 
that can be considered. The basic principles given in these theorems can be 
used. Rotations about oblique lines will be considered later. 


Example 5.7.1 Suppose that a pyramid is 16 units tall and has a square 
base with edge length of 5 units. Find the volume of V of the pyramid. 


graph 


We let the y-axis go through the center of the pyramid and perpendicular 
to the base. At height y, let the cross-sectional area perpendicular to the 
y-axis be A(y). If s(y) is the side of the square A(y), then using similar 
triangles, we get 


sly)  16—y 5 
P ET slu) = zę 06 — y) 
w) = zzę (16 — y 


Then the volume of the pyramid is given by 


> A(y)dy = d z (16 — y) dy 
_ 25 EZ 


256 -3 Jo 

_ 25 [(16)]  (25)(16) 

.. 256 | 3 | 3 
400 


= — cubic units. 
3 


1 
Check: V — 3 (base side)” - height 


1 
= > (25) - 16 
3 (25) 
400 


3 
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Example 5.7.2 Consider the region R bounded by y = sinz, y=0,x=0 
and x = 7. Find the volume generated when R rotated about 


(i) a-axis (i) y-axis (iii) y = —2 (iv) y 21 
(Sy aem (vi) dies De. 


(i) By Theorem 5.7.2, the volume V is given by 


kaj o sin? x dr 
0 
1 . i 
—m. E (x — sin x cos x) 


0 


Lë 


7 


graph 


(ii) By Theorem 5.7.3, the volume V is given by (integrating by parts) 


v= | Grein pg ; (MR, dv = sinz de) 
0 


T 


= 2r|—zx cos x + sin zl 
= 2r [11] 


= 27°., 


graph 
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(ii) In this case, the volume V is given by 


yes 7 (sinz + 2)? dx 
0 


zt (sin? x + Asin x + 4] dz 
0 


1 T 
T E (x — sin x cos z) — 4cosz + Ax 
0 


1 
=r|; dE 


9 
= 37 +8m. 


graph 


(iv) In this case, 


V= Pa — (1— sinz)?] dz. 


graph 
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V= f ali — 1 + 2sin z — sin?z]dx 
0 


T 


1 | 
T EL SE (x — sin x cos x) 
0 


y- / Artesania pe 


=2n | [r sin x — xsin zl dx 
0 


T 


= 21 [—7 cos x + x cos x — sin e] 
= 21 [27 — v] 


= 27. 


graph 


(vi) 
V = / 217 (27 — x) sina dz 
0 


T 


—2m cos x + z cos z — sin xlo 
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graph 


Example 5.7.3 Consider the region R bounded by the circle (x — 4)? + y? = 
4. Compute the volume V generated when R is rotated around 


(i) y=0 (ii) z=0 (iii) z =2 


graph 


(i) Since the area crosses the x-axis, it is sufficient to rotate the top half to 
get the required solid. 


va [ny tan f U- (0-49 dr 


This is the volume of a sphere of radius 2. 


(ii) In this case, 
6 6 
V = Í De ly) dx = an | cajy/4 — (z — 4)}?]dz ; x — 4 = 2sint 
2 2 
dx = 2 cos tdt 


T/2 
= ar | (4 + 2sin t) (2 cost) (2 cos t)dt 
—T/2 


T/2 
= tn | (16 cos? t + 8 cos? t sint) dr 
—mn/2 

1 8 7/2 
= 4r |16- = (t+sintcost) — > cos?t 

2 —r/2 
= 4n[B()] 
= 32m" 
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(ii) In this case, 
6 
V = | 2n(x — 2)2y dx 
2 
6 
= dr | (x — 2/4 — (x — 4)? dz ;z — 4 = 2sint 
2 
dx = 2costdt 


r/2 
= sr | (2 + 2sin t)(2 cost)(2 cos t)dt 
—n/2 


7/2 
= 4r f (8 cos? t + 8 cos? t sin t)dt 


T/2 
8 T/2 
= 4r |4(t + sintcost) — > cos? t 
3 —r/2 
= 47 [41] 
= 167? 


Exercises 5.7 


1. Consider the region R bounded by y = x and y = a?. Find the volume 
generated when R is rotated around the line with equation 


2. Consider the region R bounded by y = sing, y = cosg, x = 0, x = 
2: Find the volume generated when R is rotated about the line with 
equation 


(i) z=0 (ii) y=0 (iii) y=1 (iv) n= 5 


3. Consider the region R bounded by y = e”, x = 0, x = ln 2, y = 0. Find 
the volume generated when R is rotated about the line with equation 


(ys (Gi) e) (iii) x = ln2 (iv) y = —2 
(v) y=2 (iv) um 
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4. Consider the region R bounded by y = lng, y = 0, x = 1, x =e. Find 
the volume generated when R is rotated about the line with equation 


(i) y=0 (ii) z=0 (ii) z—1 (v) z=e 
() y=1 | (i) y=- 

5. Consider the region R bounded by y = coshx, y = 0, z = —1,x = 
1. Find the volume generated when R is rotated about the line with 
equation 
(i) y=0 (M Se (Gii) z= 1 (iv) y= —1 
(v) y=6 (vi) = 0 

6. Consider the region R bounded by y = x, y = z?. Find the volume 
generated when R is rotated about the line with equation 
(i) y=0 (ii) z=0 (ii) z= -—1 (iv) z=1 
(vy y=1 (vi) y==1 

7. Consider the region R bounded by y = z?, y = 8 — x”. Find the volume 
generated when R is rotated about the line with equation 
G) y=0 (T) oa m (iii) y = —4 (iv) y=8 
(v) c=-2 (vi) es 


8. Consider the region R bounded by y = sinh z, y = 0, x = 0, x = 2. Find 
the volume generated when R is rotated about the line with equation 


(i) y=0 (ii) z=0 (iii) z = (iv) z =-2 
(v) y=-1 (vi) y=10 


9. Consider the region R bounded by y = yx, y=4 z — 0. Find the 
volume generated when R is rotated about the line with equation 


G) y=0 (i) =) (ii) xz = 16 (iv) y=4 


10. Compute the volume of a cone with height h and radius r. 
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5.8 Arc Length and Surface Area 


The Riemann integral is useful in computing the length of arcs. Let f and 
f' be continuous on [a,b]. Let C denote the arc 


C = {(x, f(x)):a <x b 


Let P = {a = Tọ < £1 < Tą < ... < Zn = b} be a partition of la, b]. For each 
i —1,2,... ,n, let 


graph 


As; = Y (f(x) — fi)? + (ai — i)? 
IA = max (Az). 


Then As; is the length of the line segment joining the two points (x; 4, f(%;-1)) 
and (zi, f (z;)). Let 


Then A(P) is called the polygonal approximation of C with respect to 
the portion P. 


Definition 5.8.1 Let C = ((z, f(x)) : z € [a,b]) where f and f’ are con- 
tinuous on [a,b]. Then the arc length Z of the arc C is defined by 


L= ipi, Ar = dim JO A + = nei 


Theorem 5.8.1 The arc length L defined in Definition 5.8.1 is given by 


L zi (lente +1 dz. 
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Proof. By the Mean Value Theorem, for each ¿=1,2,...,n 
He) fta)= f' (c) (xi — %i-1) 


for some c; such that r; ; < c; < z;. Therefore, each polynomial approxima- 
tion Ap is a Riemann Sum of the continuous function 


(f(x)? + 
EN V CP(e))? + 1 Az, 


for some c; such that x; 4 < Gi < Ti. 
By the definition of the Riemann integral, we get 


= | VPOP as. 


Example 5.8.1 Let C = ((r,coshz):0 € a € 2}. Then the arc length Z 
of C is given by 


2 
z= | V 1-4 sinh? z de 
0 


2 
sc cosh x dr 
0 


[sinh zl 
= sinh 2. 


2 
Example 5.8.2 Let C — (e 3 s) NINAS 1). Then the arc length 
L of the curve C is given by 


3 2 
b= | 1+( (3:3 07) da 


-fi (1+0 de 


0 

2 4 

= É (1 van) 
2 
3 


= [5v5 — 1]. 
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Definition 5.8.2 Let C be defined as in Definition 5.8.1. 


(i) The surface area S, generated by rotating C about the z-axis is given by 
b 
Se= [22 f(o) FG 1 ae 


(ii) The surface area 5, generated by rotating C about the y-axis 


ees | 2n |z|A/ (f'(x)? + 1 dz. 


Example 5.8.3 Let C = ((x,coshx) :0 € x € 4}. 


(i) Then the surface area S, generated by rotating C around the z-axis is 
given by 


4 
I E / 25 cosh zy 1 + sinh? z dz 
0 


4 
= an | cosh? x dx 
0 


1 4 
= 27 l5 (x + sinh x cosh x) 

0 
= m |4 + sinh 4 cosh 4]. 


(ii) The surface area S, generated by rotating the curve C about the y-axis 
is given by 


4 
Sy = / 2zz V 1 + sinh? x de 
0 


4 
= 2r | zcoshz dg ; (u = xz, dv = cosh x dx) 
0 


= 21 [x sinh z — cosh zl 
= 2n[4sinh 4 — cosh 4 + 1] 
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Theorem 5.8.2 Let C = ((x(t),y(t)) : a € t € b). Suppose that x'(t) and 
y'(t) are continuous on |a, b]. 


(i) The arc length L of C is given by 


t= | veo ©)? dł. 


(u) The surface area S, generated by rotating C about the x-axis is given by 


s.= (Save OP dt. 


(iii) The surface area Sy generated by rotating C about the y-axis is given by 


s=] O E HOY dt. 


Proof. The proof of this theorem is left as an exercise. 


Example 5.8.4 Let C — [e sint,e’cost):0<t< |: Then 


SIE 


ds = y (x'(t)}? + (y'(1))? dt 
= y (et(sint + cost))? + (et(cost — sint))? dt 
= (e (sin? t + cos? t + 2sint cost + cos? t + sin? t — 2costsint)P? dt 


= e 2 dt. 


(i) The arc length Z of C is given by 
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(ii) The surface area S, obtained by rotating C about the x-axis is given by 
7/2 
dy = f 2r(et cos t)(v 2e'dt) 
0 
r/2 
= 2/2 | e?! costdł 
0 


E 7/2 
= 2427 5 (2 cost + sn) 


= 2/20 B (1) — d 
_ 2v2m (er — 2). 
5 


(iii) The surface area S, obtained by rotating C about the y-axis is given by 
7/2 
Sy = T 2n (e! sin t)(V2etdt) 
0 
7/2 
= 2/2 | e” sin tdt 
0 


et 7/2 
= 2427 5 [2 sint — cos J 


Exercises 5.8 Find the arc lengths of the following curves: 


l y=, 0<r<4 
1 
2. es (x? +2)37, 0€ z «1 
9. C = {(A(cost + tsint), 4(sint — teost)) :0 <t < 5 | 


4. a(t) =a(cost +tsint), y(t) = a(sint — tcost), 0€ t € 


SE 


5. x(t) — cos? t, y(t) = si?t, 0x t < 1/2 
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10. 


x(t) = 1— cost, y(t) 2 t —sint, 0€ t € 2x 


In each of the curves in exercises 1-8, set up the integral that represents 
the surface area generated when the given curve is rotated about 


(a) the x-axis 
(b) the y-axis 
Let C = {(x,coshz):—1 <x <1} 


(a) Find the length of C. 
(b) Find the surface area when C is rotated around the x-axis. 


(c) Find the surface area when C is rotated around the y-axis. 


In exercises 11-20, consider the given curve C and the numbers a and b. 
Determine the integral that represents: 


11. 


12. 


13. 
14. 


15. 


16. 


(a) Arc length of C 

(b) Surface area when C is rotated around the z-axis. 

(c) Surface area when C is rotated around the y-axis. 

(d) Surface area when C is rotated around the line z — a. 
(e) Surface area when C is rotated around the line y — b. 


= {(2+cost,sint):0<t<a}; a= 4, b= —2 


C= /(t,nsect):0<t< z |: a=7T,b=-3 


1 
C -—1025,c05h22):0 < x < 1}; a = —2, b = S 
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17. C = ((cost,3+ sint): -z <t< Z a=2, b=5 
18. C = f(e sin 2t, ef cos 2t) : 0 < t < E a=-1,b=3 


19. C —(e-*5e*) 0<t<1 2% a= —1, b= —4 
20. C crat a E, 


Chapter 6 


Techniques of Integration 


6.1 Integration by formulae 


There exist many books that contain extensive lists of integration, differen- 
tiation and other mathematical formulae. For our purpose we will use the 
list given below. 


L fatwdu=a f feas 


n 


/ E aa) Y ( f otim) 


1=1 


Se 


utt 
3. ”du = C —1 
E ce je] +C, nF 


Ha 


u !du = In |u| + C 


e 
5. pera du= +0 
s 


= GEI +C, a>0 aźl 


za 


f sluldu = miu =u+C 
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8. | ntn = cen) +C 
sin (au) 
9. n a C 
10. ET = „SECA +C 
a 
irigi 
11. n = mi +C 
12. EET = a seca) + | FC 
13. | sena = i "im: E FC 
14. n = SOR (HU). C 
a 
inh 
15. | hte = aa +C 
16. f miis = eese) FC 
17. n = mimi) FC 
2 
18. ES (au) du = S arctan(e"") + C 
2 
19. n (au) du = S arctanh (e**) + C 
20. | bns nu sin(au) cos(au) LO 
2 2d 
3 _ u , sin(au)cos(au) | 
21; fos (au)du = 5^ a FC 
22. n = "in —u+C 


6.1. 


23. 


24. 


25. 


26. 


215 


28. 


29. 


30. 


31. 


32. 


33. 


34. 


35. 


36. 


3T. 


INTEGRATION BY FORMULAE 


lała, BRON, Fina R BRZ R Sa, c ecco GR A R AR 


cot? (au 


cosh?(a 


coth?(a 


sec(au) 


csc(au) 


Q 
e 


2 
N 
S + 
s 
N 


e 
N 
| 

e 
Wi 


tanh?(au)du = u 


sech *(au)du 


csch ?(au)du = 


sech (au) tanh(au)du = 


csch (au) coth(au)du = 


_ cot(au) 


\du = 


u  sinh(2au) 


—u+C 


2 4a 


u  sinh(2au) 


FC 


u)du — e? da 


a 


u)du = u 
a 


_ tanh(au) 
i a 


— coth(au) 


tan(au)du 


cot(au)du — 


_ tanh(au) 


_ coth(au) 


e sec(au) 


_ csc(au) 


+C 


+C 


+C 


+C 


_ sech (au) 


csch (au) 


1 
— — arctan (=) +C 
a a 


FC 


1 
— — arctanh (=) 
a a 
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du : u 
38. pz = arcsinh (5) +C 


du — (U 
39. = — arcsin (=) +C, lal > lul 


du u 
40. a= = arccosh (=) + C, |u| > |a| 
du 1 u 
41. e = 7 arcsec (5) t C, |u| > a] 
42 arcsech (=) +C, |a| > Jul 
a 


du u 
43. = = —— arccsch ES +C 


u du 
44. —— = Va? +u LC 
va? + u? 


s. | HU RACE EE 


a? — u2 


u du 
46. | ————— = Va? +u +C 
va? + u? 


u du 
47. | —— = —- Va? — a? + C, lal > lu 


u du 
48. | ——— = vt? -— a? + C, lul > la 
Vu? — a? i dl 


1 
49. f sxesin(au)du = uarcsin(au) + — v1— a?u? +C, |a||u| < 1 
a 


1 
50. | estan = uarccos(au) — = v1 — a?u? +C, |a||u| « 1 
a 
1 2,2 
51. [ arctan(au)du = uarctan(au) — 2 In(1 + a^u*) + C 
a 
1 2,2 
52. | arccot (au)du = uarccot (au) + — In(1 4+ a^u^) +C 


2a 


6.1. 


93. 


54. 


55. 


56. 


57. 


58. 


59. 


60. 


61. 


62. 


63. 


64. 


65. 


66. 


67. 
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1 ===: 
arcsec (au)du = uarcsec (au) — — ln |au + Vau? — i +C, au>1 
a 


1 
arccsc (au)du = uarccsc (au) + — In lau + Vatu? — 1 +C, au>1 
a 


arcsinh (au)du — uarcsinh (au) — - 1+a?u +C 

arccosh (au)du = uarccosh (au) — - V —1 +a? 4 C, Jallu] > 1 
arctanh (au)du = uarctanh (au) + = In(—1 + atu?) +C, |a||u| 4 1 
arccoth (au)du = uarccoth (au) + = In(—1 + aw) - C, |a||u| 4 1 


1 
arcsech (au)du = uarcsech (au) + — arcsin(au) + C, |a||u| < 1 
a 


1 
arccsch (au)du = uarccsch (au) + — 1n |au + Va?u? + 1 +C 
a 


€** a sin(bu) — b cos(bu)] 


e™ sin(bu)du = NW EC 
Ss e^"[a cos(bu) + bsin(bu)] | 
e** cos(bu)du = CH FC 
in" (u)d IE Lan" )cos( )] m PE f in” ?(u)d 
sin"(u)du = — |s u) cos(u " S u)du 
cos" (u)du = E [cos" (u) sin(u)] + — — | eos? (u)du 
n 
n—1 
tan"(u)du — pu. ET 
n— 1 
n cot^-!(u) n—2 
cot^(u)du = — SET - foot (u)du 
sec" (u)du = z [sec"7?(u) tan(u)] + Iu sec"? (u)du 
Tel —1 
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68. f csc” (u)du = — r pese" (u) cot(u)] + L— n csc^-?(u)du 

69. f az d s E ORŁA? 
70. | cos(mu) cos(nu)du = T | T LC, m n? 
71. / eko ne m - A Cmte 


Exercises 6.1 


1. Define the statement that g(x) is an antiderivative of f(x) on the closed 
interval [a,b] 


2. Prove that if g(x) and h(x) are any two antiderivatives of f(x) on [a,b], 
then there exists some constant C such that g(x) = ln(x) + C for all x 
on (a, b]. 


In problems 3-30, evaluate each of the indefinite integrals. 


4 
3. E 4. [a dx 5. farra 

x 
6. [sear 7. |= dx 8. fer dt 

VT 
9. Jere dt 10. In: eng 11. | o «va 

1 

12. fo +P) — £)dt 13. | (s + sint) dt 14. LIESE 
15. ] dt 16. n da 17. | ttt dt 


18. JEE dt 19. | sect(sect + tan tat 
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20. | stet ena 21. |= da 
cos? x 
lm fg 3442 
22. f at 23. E dt 24. | GE dt 
sin” z sin” t cos? t 
25. n dt 26. Jo: dt 27. fe sec? t + 1)dt 


28. j: dt 29. JEM dt 30. n dt 


31. Determine f(x) if f'(x) = cosx and f(0) = 2. 
32. Determine f(x) if f"(x) = sing and f(0) = 1, f'(0) = 2. 
33. Determine f(x) if f"(x) = sinh x and f(0) =2, f'(0) = —3. 


34. Prove each of the integration formulas 1-77. 


6.2 Integration by Substitution 


Theorem 6.2.1 Let f(x),g(x), f(g(x)) and g'(x) be continuous on an in- 
terval [a,b]. Suppose that F'(u) = f(u) where u = g(x). Then 


(i) d fato ads = A f(u)du = F(g(z)) + C 


b (b) 
(i) | fases f Fedu = Falo) - Fata). 


g(u) 


Proof. See the proof of Theorem 5.3.1. 


Exercises 6.2 In problems 1-39, evaluate the integral by making the given 
substitution. 
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1. n +1 dr, US a +4 


3. 


5. 


d cos(v/t) 


f 9 garesin zx 
V1 — q? 


vt 


dt, 


dew 


dx, u = arcsin x 


7. fe 4* dz, u=4% 


SE 
— d 
| E 


11. 


13. 


15. 


17. 


19. 


21. 


23. 


25. 


/ 
i 


Sa E oc 


LDjarcsec z 


zyc? —1 


(cot 3z)? csc? 3x dz, u = cot 3x 


5 


u = gerctan x 


dx, u = arcsec x 


cos? rsinz dx, u = cosz 


sin? x dz, u = cosg 


tan? x dz, 


u = tan z 


sec! y dr, u = tanz 


sin? z cos? xz dz, u = sin x 


tan” z dz, 


u = tan g 


d | e +27\dr, u-1-4 az 


3x? 5 
R — 


3 garecos x 


v1 SE 


8. Ke cos g de. u = sine 
10. [E w ustne 
z 
12. [ian 2x)’ sec” 2x de, u = tan 2 
14. n CCS Pat, u = sing 
16. [A+ sna)" cosa dr, u=l+sinz 
cos?z dz, u = sinz 
20. cot? z dz, u — cotz 
24. 


sin? X COS 3 z dz, u = COS W 


26. 


zi 
is 
| 
LN 
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In(1 + 2? 
21. |= Bunny) dz, u = ln(1 + z)” 28. | w zc: dx, u = seca 


1 + 2? 
29 | Seem d$, u = cee £ 30 | a= x = 2sint 
| | V4— r? 
dx / dx 
31. ———,1 = 3cost 32. —— T = 2sinht 
jj v4 + 2? 
dx dx 
33. | gaz” = com 34. | ierit 
dx dx 
35. z; © = 2tanht 36. ———, 1 = 2sect 
[ro 4 — / ryz? — 4 
37. faea cos(31)dx, u = sin 3x 38. fe als 0g, u = 3 t4 
39. fs e? sec? z dx, u = tan ir 40. ERE dr, u=x+2 
Evaluate the following definite integrals. 
1 2 
41. / (x + 1) dx 42. i z(4 — 2) ?dz 
0 
7/4 
43. / tan? z sec? x dz 44. | (z^ +1) 
0 
2 8 
45. / (x + Díz — D'dzx 46. Pa (1 +2) dx 
0 
47. e sin(3x)d. 48. e cos(2x)d 
0 0 
49. e sin? 20 cos 2r dx 50. d cos! 3x sin 3z dr 
0 0 


earctan x earesin x 
51. 52. dx 
E 1+ Jeu [ V1- a 
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3 earcsec x 1 da 
93. d A dx 54. d VIS 
6.3 Integration by Parts 


Theorem 6.3.1 Let f(x), g(x), f'(x) and g'(x) be continuous on an interval 
[a,b]. Then 


(i) I Wouke- f (of (md 


(ii) / Kg (ode = (f()g(6) — f(@g(a)) — f g(z)f(x)dz 


(iii) [mm | m 


where u — f(x) and dv — g'(x)dx are the parts of the integrand. 
Proof. See the proof of Theorem 5.4.1. 


Exercises 6.3 Evaluate each of the following integrals. 


rsinzdx 2. n dx 
rlnz dz 4. fe e” dr 
x 4” dz 6. je Inz da 


2? sin z dx 8. D cos x dx 


Sur Sead feel. "SR =" 


ae” da 10. E 10* dz 
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11. fe sin x dx (Let u = e” twice and solve.) 


12. Je cos xz dx (Let u = e” twice and solve.) 

13. po sin 3x dr (Let u = e** twice and solve.) 

14. n 15. fe cos(21)dx 
16. Jueza 17. IE In(2r)dx 
18. fe sec? x dz 19. fe esc? x dx 
20. | ssinh(dajda 21. E cosh x dx 
22. | 562 23. | tas 
24. n x)dx 25. | saesina da 
26. | im da 2T. Termen dr 
28. f x arcsec x dx 29. f arcsin x dx 
30. / arccos x dx 31. I arctan x dz 


32. | ocz dx 


Verify the following integration formulas: 
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sin” '(ax)cos(az) | n—1 


sin” (ax)dz = — | [ow ax)dx 


na TL 


1 —1 
34. | cos"(ax)dx = — cos™!(ax)sin(ax) + U n ax )da 
n 


na 


35. ve dz = x"e* — n area 


36. 


z"sinz dx = —a” cos z + pes cos z dz 


z” cos z dz = x” sinz — 2r sin z dz 


1 
38. | e sin(bx)dx = ZP e""lasin(bx) — bcos(bz)| + C 
5 Jess tud dines — tenia) ait be ba dC 
= in 
e” cos(bx) de = -z Tp e°” la cos(bx sin(bx 
n 1 n+1 1 n+1 
40. | a ne dr = === x tC, n#-1, x >0 
n+1 (n +1)? 
n 1 n—2 n-—2 n—2 
41. f secta dx = sec" g tan r + —— | sec” "rd, n#1, n>0 
8-1 w= 1 
n e n—2 n—2 n—2 
42. | esc” x dz = csc" “ x cot x + —— | csc” “x dz, n#1,n>0 
n—1 n=1 


Ru „aaa A E A RR, R 


Use the formulas 33-42 to evaluate the following integrals: 


43. ¡ESE dx 44. ICE dx 


45 we da 46. a” sin z dx 


e” sin 3x dx 


49 e” cos 2q dx 50. a nz dx 


47. je cos z dx 48. 


Succ E PREZ 
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51. ESE dx 52. Jet dx 


Prove each of the following formulas: 


1 
53. roe dz = LET tan? q — fia de, n#1 
n — 


54. 


1 
cot” x dz = 1 cot" 1g — Jueza dr, n#1 


55. | sin™”t! z dz = — fa —u’)"du, u = cos x 


56. | cost" z dz = — fo —u?)"du, u = sinz 
57. | sin?**!z cos" y dz = — fo — u’) u” du, u = cosz 
58. | cos"* g sin" x dy = fo — u’)"u” du, u = sing 
59. | sin” gx cos?” gx dx = fo xr)” (1 — sin? z)^dz 
60. | tan” z sec?" z dz = fea +42) tdu, u = tan x 
61. | cot” x csc?" x dx = — fea + uż) tdu, u = cot x 
62. 


tan?"*! z sec” x dz = Ju — u” tdu, u = sec z 


63. 


Pac, SR FR RC C a een, a M 


cott! g esc” z dz = — Ju — ut tdu, u = csc x 
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O; mEn 


1 E 
64. EL dx = — E , cos(m — n)z 


2 m+n | m-—mn 
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ie 8 ; 

65. fs ma sinna dz = E D zl a FC; m” zn 
2 m-n m+n 
1 [si " 

66. | cosmacosna dx = [e DE Bd HC; m Zn 
2 Wr m+n 


6.4 Trigonometric Integrals 


The trigonometric integrals are of two types. The integrand of the first 
type consists of a product of powers of trigonometric functions of r. The 
integrand of the second type consists of sin(nx) cos(mz), sin(nx) sin(ma) or 
cos(nx)cos(mx). By expressing all trigonometric functions in terms of sine 
and cosine, many trigonometric integrals can be computed by using the fol- 
lowing theorem. 


Theorem 6.4.1 Suppose that m and n are integers, positive, negative, or 
zero. Then the following reduction formulas are valid: 


—1 — 1 
1. E dr = — sin”! g cosg + BER fonts dz, n>0 
n n 


1 n 
2. fonts dx = sin"! z cos z + —— E dz, n<0 
noe n—1 
3. [ina dz = IER dx = ln | esc z—cot x|+c or — In | esc x+cot z|4-c 


1 n-l 
4. ICE dx = — cos” zsinz4 —— | cos” *z dz, n>0 
n n 


—1 

5: fosa dz = cos"! z sin z + = ICE dx n<0 
n=1 n— 1 

6. Tee" dz = | seca dx = In |secz + tan z| + c 


7. "n cos? "t1 y dz = f sin” z(1 — sin? x)" cos z dz 


= f u"(1— u?)"du, u = sinz, du = cosz dr 
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8. [sins cos" x dx = | cos” z(1— cos? x)" sinz dz 
= — f u"(1— u?)"du, u = cosz, du = —sinz dx 
9. Jaen z cos?" x dx = [(1 — cos? x)" cos?" x dr 


= TO — sin? x)" sin?" z dz 


—1 
10. E nx) cos(mz)dz = [e ui): 


2 m-—mn m-n 


is " 
11. ES mx)sin(mx) dz = = a ARE a Fe, m^ 4 n? 
m-—n m+n 


_ sin(m + 2d 


12. J ld 


2 


1 |sin(m — n)x 
m-—n m+n 


Corollary. The following integration formulas are valid: 


tan” lu 
13. Tuer: du = a. fiu d 


n-l 


1 — 2 
14. [sco du = sec"? z tan £ + EE Jueza dr 
n— 1 n—1 


—1 — 2 
15. Jee: du = 1 esc”? z cot x + — Lar da 
TU — 


Exercises 6.4 Evaluate each of the following integrals. 


T (EN dr 2. ICE da 
3. ¡ESE dx 4. Jota da 
5. ¡ESE dx 6. | CE dx 
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T. n xcos!z dr 8. n x cos” x dr 


sin? x cos? z dx 


9. [ioa dx 10. 


11 tan? xsectx dx 12. cot? z csc* x dx 


13 tan? zr sec? z dx 14. cott z csc x dx 


15 tan? x sec! x dr 16. cott z csc* x dr 


17 tan? x sec? x dx 18. cot? z csc? x dr 


sin 4x cos 4x dx 


21 sin 3x cos 3x dx 22. sin 2z sin3x dr 


23 sin 4x sin 6x dx 24. sin 3x sin 5x dr 


25 cos 31 cos 5x dr 26. cos 2x cos 4x dx 


27 cos 31 cos 4x dx 28. sin 4x cos 4x dx 


RM Hielo GRĘ, R RR (R, RR Oy. PR R 


SÉ 
d 
di 
J 
19. | sm2rcosdz dz 20. 
di 
zi 
E) 
Si 


6.5 Trigonometric Substitutions 


Theorem 6.5.1 (a? — u? Forms). Suppose that u = asint, a > 0. Then 
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du = acostdt, a? — u’ = a?cos?t, Va? — u? = acost, t = arcsin(u/a), 


. u a? — u? u 
sint = —, cost = — — ——, tant = ——==, 
a a Va? — y? 
a? — u? a a 
cott = ————, sect = —_—=——,, Csct —. 
va? — u? u 


graph 


The following integration formulas are valid: 


udu 1 E «4 
1. EE In la —uw|+c 
du 1 a—u u 
= In + c= — arctanh (5) +e 
a?— Zo a+u a 
3 ¿Ve 
i Va? — u2 
4 du a . fu 
: UT = arcsin (=) +c 
du a? — u? 
5. == |n|--— l 
uyal—u a u 


2 
1 
6. [vere du == arcsin (5) + ¿uva +c 


a 


Proof. The proof of this theorem is left as an exercise. 
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Theorem 6.5.2 (a? + u? Forms). Suppose that u = atant, a > 0. Then 


u 
du = asec? tdt, a? + u? = a? sec? t, Va? + uż = asect,t = arctan (=) ; 
a 


d u a u 
sin t = ————., cost = ———, tant = — 
a? + u? a? + u? a 
a? + uż V a? + u? a 
csc t = ——————, sect = ——————, cott = —. 
u a u 

graph 


Proof. The proof of this theorem is left as an exercise. 


The following integration formulas are valid: 


udu 
du u 
2: = arctan (=) +c 
aè +u? a a 


d 
3. ILI = Va? +u? Le 


In |a? + u” | +c 


|^ tlm 


a um? 
d 
4 a = In Ju + a? -u?| c 
ug? 
5 jA du 1| va^ tw aj. 
" = n = HC 
uya? +u? a u u 
1 2 
6. [VEF au =F VTE hh a? -u?| +c 


Theorem 6.5.3 (u? — a? Forms) Suppose that u = asect, a > 0. Then 


u 
du = asecttant dt, u? — a? = a? tan? t, Vu? — a? = atan t,t = arcsec (=) ; 
a 


i u? — a? a uż — a? 
sin t = —— —— cost = —, tant = ——————, 
u u a 
u u a 
cscł = ——, sect = —, coti = —————. 
uż — a? a uż — a? 
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graph 


Proof. The proof of this theorem is left as an exercise. 


The following integration formulas are valid: 


udu 1 PEE" 
o f du - 1 ln u-a S 
u?— a? 2a u+a 
udu 
3. —— = Vu -a+c 
|= 
4. fur vr +c 
RER: 
5 d E de (=) +e 
| uvul—a? a a 
1 2 
6. A Ez +c 


Exercises 6.5 Prove each of the following formulas: 


u du 1 Se 
9 d du 1 a—u 
: = n 
a?— u? 2a a+u 
3 ONE aż — uż +C 
AR 
d 
4. | Aem (=) +C, a>0 
du a vVar—u? 
5. == |n|- — HC 
uva?—u? a u 
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2 
1 
6. [vere du == arcsin (=) Hig Uva web, a0 
a 


fe [= = 5 Info? +i] +0 


a? + u? 


d 1 
8. d E arctan (=) +C 
a2? +u? a a 


u du 
9. | ——— =V tu +C 
Va? + u? 


du 
10. — anus a? + u?| +C 
| g 
du 1 va? +u? a 
11. — — In — EC 
uya +u? a u u 


1 2 
2. | VEFE du= su FPE nus a? +u? +C 


13. ] 3-3 In Ju? — a? - C 


uż — a2 


du 1 
14. = l 
» poa u 


u du 
15. | —— = Vu -+C 
Heg 


u—a 
u+a 


16 = nu+ye=e +C 


l= 
ee 


du 1 u 
17. E ^ arcsec (5) +C 


1 2 
18. [vee du = z uw — a? — > In [u + Vi? a? +0 


Evaluate each of the following integrals: 
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19 


22; 


25 


28. 


31 


34 


/ 


/ 
di 
E 


x dr 
VA — x? 


dx 
4— x? 


x dx 


V9 + x? 


da 
z? — 16 


da 
zya? —4 
v9 — a? dx 


2 
x 
37. —— dr 
J v4 4 x? 


40. 


43 


46 


49. 


52. 


/ 
z. 


/ 
l 


55. 


dx 
(9 — x?)? 


V4+ z? 
x 


dx 
2/4 — x? 
da 
a? — 4a + 12 
dx 
4x — x? 


x dx 


Vx? — 2x1 +5 


20 ls 
V4 — x? 
x dx 
23. 
E 


26 


i dx 
| v9 + x? 
x da 


29. ————— 
Vx? — 16 


32 f dx 
l zy — a? 


35. nz — 9z? 


2 
z 
38. — dr 
d Vx? — 16 


dx 
41. —————— 
/ (x? — 16)? 


2 2 
44. |= UN 
x 


da 


47. ————— 
zx? x2 — 4 


da 
50. ———— 
d vV4x — x? 


53. === 
vaux? — 2x +5 


x 
56. ——— d 
== ^ 


21. 


24. 


2T, 


30 


33 


36 


39. 


42. 


45. 


48. 


51 


54. 


57. 


287 
= 
4 — x? 
/ da 
9+ r? 
/ x da 
z?— 16 


| dx 
v? — 16 


da 
l + 
|= d 
NASZ 
I dx 
(9 + a)? 


/ dx 
TENTI 

dx 
z?4/z? +4 


ip dx 
«c? — 2x1 +5 
f dx 
| Va? — 4x + 12 
/ x dr 
x? — Ay — 12 


fo — 4g — a?) P? dz 
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20+ 1 +3 f dx 
58. —— dr 59. —— dr 60. —— 
] uus a? + 2a +5 V4x2 — 1 
r44 r+2 / e?* dx 
61. —— da 62. —————— dr 63. 
v 92? + 16 V 16 — 9x? (5 — es + etr)1/2 


x J e? dy 
| Lef + 4e37 + 3)1/2 


6.6 Integration by Partial Fractions 


A polynomial with real coefficients can be factored into a product of powers 
of linear and quadratic factors. This fact can be used to integrate rational 
functions of the form P(x)/Q(x) where P(x) and Q(x) are polynomials that 
have no factors in common. If the degree of P(x) is greater than or equal to 
the degree of Q(x), then by long division we can express the rational function 


by 

Plz) r(x) 

Q(x) Q(x) 
where q(x) is the quotient and r(x) is the remainder whose degree is less than 
the degree of Q(x). Then Q(x) is factored as a product of powers of linear 


and quadratic factors. Finally r(x)/Q(x) is split into a sum of fractions of 
the form 


= q(x) + 


A t A» Ap 
ac+b (ax +b)? ` (ax +b)" 
and 
Bız + c Box + Ca BZ + Cm 


ax? +br+c — (ax? + bac)? - (ax? + bz + c)" 


Many calculators and computer algebra systems, such as Maple or Mathe- 
matica, are able to factor polynomials and split rational functions into partial 
fractions. Once the partial fraction split up is made, the problem of inte- 
grating a rational function is reduced to integration by substitution using 
linear or trigonometric substitutions. It is best to study some examples and 
do some simple problems by hand. 


Exercises 6.6 Evaluate each of the following integrals: 
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dx 


h =e a 
da 
* LES 
| da 
(£? + 1)(£? + 4) 
2x dr 
] zx 
x+1 
b= ES 
2 dr 
x | ces 


x? dx 
Ce f (x? + 4) (x? + 9) 


a 


dx 
e mss em 
dx 
ef 
dx 
j E xm 
x dx 
6 = 
(x + 2)dx 
> [Seo 
dx 
v. lares 


c dr 
> SR G- HG — 9) 


da x dx 
15. ———— 16. 
> |= 9 PS 


6.7 Fractional Power Substitutions 


If the integrand contains one or more fractional powers of the form zi". 
then the substitution, x = u”, where n is the least common multiple of the 
denominators of the fractional exponents, may be helpful in computing the 
integral. It is best to look at some examples and work some problems by 
hand. 


Exercises 6.7 Evaluate each of the following integrals using the given sub- 
stitution. 


4419/2 á dr 3 
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" u^—3?—8 


3 d dr 5 a n dx 
i c ee f n 
V1 Leit ry a? — 8 


Evaluate each of the following by using an appropriate substitution: 


le 


E x dr ^ / ada 
| Vr +2 | vr +4 
1 x dx 
T. — d 8. ———— 
juro id p 
2/3 
E | 2 10. | 
1+ yr 8 + 21/2 
1 da 
Me is 3 12. 
| wu s JS = 
x da 1+ yz 
1 14. d 
i | m IZ S 
1— yz 1+yzx 
15 | 373 da 16. "E 373 dx 


6.8 Tangent 2/2 Substitution 


If the integrand contains an expression of the form (a+bsin z) or (a+bcos x), 
then the following theorem may be helpful in evaluating the integral. 


Theorem 6.8.1 Suppose that u = tan(r/2). Then 


2u 1— u? 2 


mop ppp S =P 


Furthermore, 
d dz / (2/(1 + u?))du -f 2du 
a+bsinx | a 4 b (rz) "J a(1- u2) + 2bu 


ac el Mm 
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Proof. 'The proof of this theorem is left as an exercise. 


Exercises 6.8 
1. Prove Theorem 6.8.1 


Evaluate the following integrals: 


d 
2. |= 5 | x 
2+sinzx sin x + COST 
4. 5. 
lata === 
a Di 
2—sinz 3 + cosg 
dt dr S AA sin z dr 
3 — COST sin £ + COST 
10. / Ba al 11. PE )dx 
sin X — COST 1 —sinz) 
1 — = 
12. PE de 13. = da 
1 + cos x r COS E 
jus sad 
14. ] de 15. E dr 
2—sinzx + COS T 
d 
ie. | a. 
1 + sin z + cos x 


6.9 Numerical Integration 


Not all integrals can be computed in the closed form in terms of the elemen- 
tary functions. It becomes necessary to use approximation methods. Some 
of the simplest numerical methods of integration are stated in the next few 
theorems. 
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Theorem 6.9.1 (Midpoint Rule) Zf f, f’ and f" are continuous on |a, 0], 
then there exists some c such that a « c « b and 


| re ada as (527) | ro (EBY 


Proof. The proof of this theorem is omitted. 


Theorem 6.9.2 (Trapezoidal Rule) Jf f, f' and f" are continuous on |a, b], 
then there exists some c such that a « c « b and 


[ (Xs = 6-9 | corro] -EL 6-0. 


Proof. The proof of this theorem is omitted. 


202 6.9.3 (Simpson’s Rule) Jf f, f", f", f'9 and f are continuous 
on |a, b], then there exists some c such that a < c < b and 


f to Ha OR 4f E ZO MO 


2880 
These basic numerical formulas can be applied on each subinterval |x;, £i+1] 
of a partition P = {a = zo < z1 < oo £n = b} of the interval [a,b] 
to get composite numerical methods. We assume that h = (b — a)/n, z; = 
a+ih, i=0,1,2--- ,n 


Proof. The proof of this theorem is omitted. 


Theorem 6.9.4 (Composite Trapezoidal Rule) If f, f' and f" are continu- 
ous on [a,b|, then there exists some c such that a « c « b and 


nc 


Proof. The proof of this theorem is omitted. 


n—i 
b—a 


(2-25, f) ESO h? f" (c). 


Theorem 6.9.5 (Composite Simpson's Rule) If f, P. f", f/3) and f™ are 
continuous on |a, b], then there exists some c such that a < c < b and 


/ "riede 


where n is an even natural number. 


n/2—1 n/2 


a) +2 35 Flan) +4) Saa) + 100) | TOO), 
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Proof. The proof of this theorem is omitted. 


Remark 22 In practice, the composite Trapezoidal and Simpson's rules can 
be applied when the value of the function is known at the subdivision points 
$,,1— 0,1,2,--- ,n. 


Exercises 6.9 Approximate the value of each of the following integrals for 
a given value of n and using 


(a) Left-hand end point approximation: y Fri) (£i — zi-1) 
¡=1 
(b) Right-hand end point approximation: ` Ff (xi) (£i — 21-1) 
i=1 

(c) Mid point approximation: 9 + (==) (x; — 2j.) 
i=1 2 

(d) Composite Trapezoidal Rule 

(e) Composite Simpson’s Rule 


> SS 3 
1. i — dx, n= 10 : d — dz, n= 10 
1 T 2 ya 


1 2 
3 / l d 10 | : d 10 
E —= q, n= a —, di, n= 
0 1+ yz : 1 1 +z? 7 


1 T+ 2 
5. / ME dr, n — 10 6. d z? dz, n = 10 
0 0 


NO 


Ha 


00 


2 1 
7. li (x? — 2x) dz, n = 10 f (1 +x?) dx, n — 10 
0 0 


1 1 
9. d (14- 25) dx, n = 10 10. f (1+ z*) 7? dz, n= 10 
0 0 


Chapter 7 


Improper Integrals and 
Indeterminate Forms 


7.1 Integrals over Unbounded Intervals 


Definition 7.1.1 Suppose that a function f is continuous on (—00,00). 
Then we define the following improper integrals when the limits exist 


|. fai dim nc (1) 
Tac An. | rad H 
f tois f tears f toa (3) 


provided the integrals on the right hand side exist for some c. If these im- 
proper integrals exist, we say that they are convergent; otherwise they are 
said to be divergent. 


Definition 7.1.2 Suppose that a function f is continuous on [0, oo). Then 
the Laplace transform of f, written L(f) or F(s), is defined by 


Lif) = F(s) = i e(t. 


294 
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Theorem 7.1.1 The Laplace transform has the following properties: 


SE (4) 
ce) == (5 
£(cosh at) = 2 (6) 
£(sinh at) = =" (7) 
L(cosut) = 53 (8) 
£(sin wt) = — = (9) 
£(t) = E (10) 
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provided s > a. 
oo at —at 
(iii) £(cosh at) = | (=) e *dt 
0 


1 at —at 
= Iele) + Gei 


"za 
(iv) L(sinh at) 2 S (e** — e "ie" dt 


0 


(v) £(coswt) =] coswte *'dł 
0 


d 
== 3 [e * (—s cos wt + w sin wt) | 
w? + s 


00 
0 


w2 + ER 


(vi) L(sinwt) - f sin wte “dt 
0 


m -—- 3 00 
FA Es (—ssinwt — w cosut)]; 
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(vii) L(t) 


f te "dt; (u= t, dv = edt) 
0 


This completes the proof of Theorem 7.1.1. 


Theorem 7.1.2 Suppose that f and g are continuous on |a, oo) and 0 < 


f(x) < g(x) on la, oc). 


(1) rf g(x)dx converges, then | f(x)dx converges. 


(ii) uf f(x)dx diverges, then | g(x)dx diverges. 


Proof. The proof of this follows from the order properties of the integral 


and is omitted. 


Definition 7.1.3 For each x > 0, the Gamma function, denoted I(x), is 


defined by 


Io / t te dł. 
0 


Theorem 7.1.3 The Gamma function has the following properties: 
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Proof. 


Fd 
> 
Il 
[reme 
8 
© 
L 
Q 
cx 


=] 


r(x +1) = d t"e™'dt; (u = era 
0 


= Del +z f eat 
0 


euros 
r(2)=1r(1)=1 
KEEN EE 
If T(k) = (k — 1)!, then 
D(A -F 1) — kT'(K) 
= k((k — 1)!) 
=. 


By the principle of mathematical induction, 
T(n+1)=n! 
for all natural numbers n. This completes the proof of this theorem. 


Theorem 7.1.4 Let f be the normal probability distribution function defined 
by 


¡ect 


e 
gay 27 


where u is the constant mean of the distribution and o is the constant stan- 
dard deviation of the distribution. Then the improper integral 


e ud = 1. 


Let F be the normal distribution function defined by 


F(z) = f i f (x)dx. 
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Then F(b) — F(a) represents the percentage of normally distributed data that 
lies between a and b. This percentage is given by 


li i f (a)dz. 


p+bo b 1 2/9 
f(x)dx = l —— e” "dr. 
[.. a V2T 


Proof. The proof of this theorem is omitted. 


Furthermore, 


Exercises 7.1 None available. 


7.2 Discontinuities at End Points 


Definition 7.2.1 (i) Suppose that f is continuous on |a, b) and 


lim f(x) = +oo or — oo. 


x—>b7 


Then, we define 
b x 
/ Toda lim f dp dar: 
If the limit exists, we say that the improper integral converges; otherwise we 
say that it diverges. 
(ii) Suppose that f is continuous on (a, b] and 


lim f(z) =+00 or — oo. 


Then we define, 
b b 
f f(x)dx = lim f (z)dz. 


+ 
za a 


If the limit exists, we say that the improper integral converges; otherwise we 
say that it diverges. 
Exercises 7.2 


1. Suppose that f is continuous on (—oo, oo) and g'(x) = f(x). Then define 
each of the following improper integrals: 
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+00 


(a) f(x)dx 


b f NC 


2. Suppose that f is continuous on the open interval (a, b) and g'(x) = f(x) 
on (a,b). Define each of the following improper integrals if f is not 
continuous at a or b: 


3. Prove that > e *dx=1 
0 


T 
4. Prove that f. = 
0 Nm 2 
+00 
5. Prove that IW ——, dr=7 
"A ; 
6. Prove that f 3 , if and only if p > 1. 
z 
+00 oo 5 
7. Show that Ji e "dz = 2 al e * dx. Use the comparison between 
oo 0 
e~* and e”. Show that d e "dr exists. 


1 
d 

8. Prove that d Z converges if and only if p < 1. 
o T 
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10. 


11. 


12. 


13. 


14. 


15. 


16. 


17. 


18. 


-Foo 
Evaluate | e ^sin(2r)dz. 
0 


Evaluate f e * cos(3x)dzx. 
0 


Evaluate f ae "dz. 
0 
+00 
Evaluate | ze "da. 
0 
Prove that iE sin(2r)dx diverges. 
0 


Prove that / cos(3r)dx diverges. 
0 


Compute the volume of the solid generated when the area between the 
graph of y — e-* and the z-axis is rotated about the y-axis. 


Compute the volume of the solid generated when the area between the 
graph of y = e *, 0 € x < oo and the z-axis is rotated 


(a) about the z-axis 


(b) about the y-axis. 


1 
Let A represent the area bounded by the graph y = —, 1 € x < oo 


8 


and the x-axis. Let V denote the volume generated when the area A is 
rotated about the z-axis. 


show that A is +00 
show that V = 7 


(a 
(b 
(c 
(d 


show that the surface area of V is +00. 


) 
) 
) 
) Is it possible to fill the volume V with paint and not be able to paint 


its surface? Explain. 


Let A represent the area bounded by the graph of y = e ?*, 0 < x < oo, 
and y — 0. 
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(a) Compute the area of A. 


(b) Compute the volume generated when A is rotated about the x-axis. 


(c) Compute the volume generated when A is rotated about the y-axis. 


+00 +0 .: 
19. Assume that n sin(12)dx = y (7/8). Compute / 2" de. 
0 o VE 
+00 j 
20. It is known that f go = yT. 


+o0 


(a) Compute | E dz. 
0 


+00 ze 


(b) Compute ri Te 


+o0 


(c) Compute / e^ dy. 


0 


Definition 7.2.2 Suppose that f(ż) is continuous on [0, oo) and there exist 
some constants a > 0, M > 0 and T > 0 such that |f(t)| < Me™ for all 
t > T. Then we define the Laplace transform of f (t), denoted CT TO). by 


LUF) = d dt 


for all s > so. In problems 21-34, compute CT TO for the given f(t). 


1 ift>0 = 
21; no- {1 0 22. f(t) -t 
23. fed 24. Type? 
25; f) =t,n=1,2,3, 26. f(t) = e” 


27. f(t) = te” 28. f) = te n = 1,2,3, 
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29. f(t) = => 30. f()= A 
31. ICE gem 32. f(t) = cos(bt) 
33. ICE dëtt E eshte) 


Definition 7.2.3 For z > 0, we define the Gamma function T(x) by 


-Foo 
r(x) = / ie de 
0 


In problems 35-40 assume that T(x) exists for z > 0 and p e" = ; VT. 
35. Show that T(1/2) = yr 36. Show that r(1)= 1 

37. Prove that T(x + 1) = zI'(z) 38. Show that T G) = ve 
39. Show that T G) E : V 40. Show that l'(n 4- 1) =n! 


In problems 41-60, evaluate the given improper integrals. 


+00 too d 
41. f Are" dz 42. | R 
0 1 x 
to „dz We tube 
43. z 44. — d 
a d 15/2 H ET 
+00 T +00 4 
45. — d 46. ——— d 
d (1+ 2232“ [a m4" 
Too 1 +00 1 d 
AT. d A8. — —— dx,p> l 
ji ens)? S H x (In x)? "of 
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1 2 
49. | 3xe * dz 50. / e” dz 
[e ©) 9 oo 
51. | dx 52. f D 
o €-re- —» 1249 
a dx 4 x 
53. 54. / —— da 
d VA — x? o v16—a? 
5 +00 
x dx 
55. — d 56. ————— 
| (25 — 2228 ^7 x GU 
-Foo yx oo d 
57. © de 58. / € 
0 yz o vz(r- 25) 
oo et +00 j e 
59. —————— dr 60. / ze ” dz 
0 Ice 0 


7.3 


Theorem 7.3.1 (Cauchy Mean Value Theorem) Suppose that two functions 
f and g are continuous on the closed interval la, b], differentiable on the open 
interval (a,b) and g'(x) 40 on (a,b). Then there exists at least one number 
c such that a « c « b and 


Proof. See the proof of Theorem 4.1.6. 


Theorem 7.3.2 Suppose that f and g are continuous and differentiable on 
an open interval (a,b) and a < c< b. If f(c) — g(c) =0, g'(x) 40 on (a,b) 


and 
lim P) eb 
zc g'(x) 
then 
lim fe) ed 


zoe g(x) 
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Proof. See the proof of Theorem 4.1.7. 


Theorem 7.3.3 (L'Hópital's Rule) Let lim represent one of the limits 


lim, lim, lim, lim, or lim. 


LC my—ct a>c t>+0 LT=—00 
Suppose that f and g are continuous and differentiable on an open interval 
(a, b) except at an interior point c, a < c « b. Suppose further that g'(x) 4 0 
n (a,b), lim f(x) = lim g(x) = 0 or lim f(x) = lim g(x) = +00 or —oo. If 


in o = oo or — oo 
lim OWE L,+ 
then 
ECL 
g(x) g'(x) 


Proof. The proof of this theorem is omitted. 


Definition 7.3.1 (Extended Arithmetic) For the sake of convenience in deal- 
ing with indeterminate forms, we define the following arithmetic operations 
with real numbers, +00 and —oo. Let c be a real number and c > 0. Then 
we define 


+ oo + 00 = +00, —00 — oo = —oo, c(+00) = +00, c(—00) = —oo 
C —c C 

— = — — — = n —— =0, —— =0, —— =0, 

(79 (o9) = =o, (-0(-00) = +00, = 0, Z = 0, < 

—c 


— =% (+o) = +00, (+00) = 0, (+00)(+00) = +00, (+00)(—00) = —00, 


(—00)(—00) = +00. 


Definition 7.3.2 The following operations are indeterminate: 


0 +00 +00 -œ -—oo 
, œ — œ, 0 «69:09. 1*5. o. 


0’ +00” —oo —oo +00 


Remark 23 The L'Hópital's Rule can be applied directly to the and =< 


forms. The forms oo — oo and 0 : oo can be changed to the 5 or ze by 


too 


using arithmetic operations. For the 0% and 1% forms we use the following 
procedure: 


lim(f(2))9@ = lim OLI) — gim 6556). 


It is best to study a lot of examples and work problems. 
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Exercises 7.3 


1. Prove the Theorem of the Mean: Suppose that a function f is continuous 
on a closed and bounded interval [a,b] and f’ exists on the open interval 
(a, b). Then there exists at least one number c such that a < c < b and 


m PIO — po) 2) FB = fa) (0 — a) 


2. Prove the Generalized Theorem of the Mean: Suppose that f and g are 
continuous on a closed and bounded interval [a,b] and f' and ol exist 
on the open interval (a,b) and g'(x) 4 0 for any x in (a,b). Then there 
exists some c such that a « c « b and 


f(b (a fc) 


g(b) —9(a)  gle) 


3. Prove the following theorem known as l'Hópital's Rule: Suppose that f 
and g are differentiable functions, except possibly at a, such that 


Then 


4. Prove the following theorem known as an alternate form of l'Hópital's 
Rule: Suppose that f and g are differentiable functions, except possibly 
at a, such that 


lim f(r)— oo, limg(x)=00, and lim —L 
lim f(z) — oo, lim g(a) lim oe 
Then 
/ 
lim PO) ee P) =E 
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5. Prove that if f’ and g’ exist and 


m f(x) =0, ¿a oa =0, and Li "m L, 
then 
lim fe) e 
zoo g(x) 
6. Prove that if f’ and g’ exist and 
_ f(x) 
l =0, lim g(0)=0, and 1 - L, 
lim f(x) ,lim. 9(0) SE rm 
then 
lim fe) eL 
L=>—00 x) 
7. Prove that if f’ and g exist and 
lim f(x) =00 lim g(r)— oo, and lim oo L 
tee SE Z a+ g'(r) ^" 
then 
lim fe) eux 
sto g(x) 
8. Prove that if f’ and g’ exist and 
( e 
lim f(r)—- oo, lim g(1)=00, and lim Ed) 
%——00 ) %——00 ( ) 1 -—oo g'(x) 
then 
lim fe) =L 
sto g(x) 


9. Suppose that f' and f” exist in an open interval (a, b) containing c. Then 


prove that 
2 f + h)— 2f + f —h e 
A : o : l (c) j 
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10. 


11. 


12. 


13. 


14. 


Suppose that f' is continuous in an open interval (a,b) containing c. 
Then prove that 


im £69 = f(e- h) 


h—0 2h "Mo 


Suppose that f(x) and g(x) are two polynomials such that 


f(x) => aor” + ajz”! +: + Oo tf + An, On > 0, 
g(x) = box" + bye 1 +: Ebm az + bp, bo 40. 


Then prove that 


(a) 0 ifm>n 
lim ZĄB +œ or —oo iim<n 
a—+o g(x) i 

ag / bo ifm=n 


Suppose that f and g are differentiable functions, except possibly at c, 
and 
lim f(x)=0, lim g(xz)=0 and lim g(x)ln(f(x))= L. 


Then prove that 
lim (f(x) ® = et. 
Suppose that f and g are differentiable functions, except possibly at c, 
and 
lim f(x) = +oo, lim g(z)— O0 and lim g(x)ln(f(z)) = L. 


zc TC 


Then prove that 
lim (f (x))9 =e?. 


z—c 


Suppose that f and g are differentiable functions, except possibly at c, 
and 


lim f(z)=1, lim g(z)=+00 and lim g(x)ln(f(z)) = L. 


zc zc TC 


Then prove that 


7.3. 


15. 
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Suppose that f and g are differentiable functions, except possibly at c, 
and 


| . . f(x) 
lim f(x)=0, lim g(1)=+00 and lim = L. 
zc zc uć (1/9(2)) 
Then prove that 
lim f(x)g(x) = L. 
16. Prove that lim (1+ ©)» =e. 
; d al 
17. Prove that lim (1— a). = —. 
c e 
18. Prove that lim 2 = 0 for each natural number n. 
r—4oo e 
19. Prove that lim a iiid = 
c—0t Tsinz 
Wu i 
20. Prove that lim (5 — z) tana 1. 
LFS 
In problems 21-50 evaluate each of the limits. 
` 2 |= 2 
O SEES 20, ie c—— 
«c—0 Bo 160 q? 
ży EE E BE) 
«—0 sin(bx) z—0 tan(nz) 
30 ` 1 
25. lim © 26. lim (1+ 22)3/7 
c—0 x z—0 
l Al ath _ p£ 
E SB IR 28. lim — .— 
h—0 h h—0 h 
In(100 
29. lim (14- mz)"/* gu iig EEE 


x—0 100 x 
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31. lim (1 + sin mz)” 32. lim (sin z)” 
z— z—0 
| xt — 2x? + 10 
33. li ia 34. li 
Ed om Bat + 2a? — Te +1 
| f 2m 
35. lim tan(2r)ln(x) 36. lim zsin (=) 
z—0- z—-oo x 
3+ 2x)" 
37. li id 38. li 
nce Pise E x) 
39. lim (1 + sin mz)” 40. lim (aj 260 
T= r0 
1 4 
41. lim (e? — (ës in: SS 
2>0+ 2>0 \ x? r’? 
ji ën SE ah lig y 
z—0* cot(bz) c—+o Y 
1 2 
45. lim — 46. Tm | 2 E 
2>0+ lng z>0+ Ax Ing 
ram ee 48. lim 2(0/2-1)b>0,5%1 
. lim HA > lim — 
as+oo 4g + 2sin x &L— +00 x , ‘ 
beth — be . . log,(z +h) — log, x 
49. lim (E) as 0.0%: 50. lim h ,b>0,b41 
Bi i eee aa ŚR zi > 
2>0 COST — COS? T ©—+-00 r—1 
sin 5x 25-590 qoa 
53. li — 54. lim —————— 
¿>0+ | = cosár Ll (1— x) 


55. lim ehn € = ) bos Ry eee 
z—-oo et $30 BE 


7.3. 


57. 


59. 


61. 


63. 


65. 


67. 


69. 


71. 


73. 


75. 


TT. 


79. 


r? sin 2x 


z—0 (1— cos 1)? 


| 1 l+x 
lim — ln 
:—0 £ 1-2 


sin(7 cos z) 


z—0 rsnzaz 


l n 
ae es 
q—-Foo x 
l 
lim ak 


z—--oo (1 + q3y1/2 


: —33—2x 
lim (e + gus 


58. 


60. 


62. 


64. 


66. 


68. 


70. 


12 


74. 


76. 


78. 


80. 
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z—0 Ka 


z—0 z3 


In(tan 3x) 
im ———— 
z—0* In(tan 4x) 


lim E == 
r—0 (using zr? 
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8l. lim (5 za ) Bo Mas 
r0 x et —1 100 x 
ży gal 
83. lim Pan) EU dim kc D 
10 sin Xv 1—0o x 
E Lin 
85. lim e — (142) 86. lim mng) 
Ken " 2>+00 ln(z — In x) 
1 1 1 f* Int 
87. lim |— = —— 88. lim — / D. dt 
&-0* \ z? wn c—+o x J, 1+t 
: 2 3 1 WŚ 
89. lim (In(1+e*)-2x) 90, lim == sin” z dx 
z>+00 r>+0o0 X 0 


91. Suppose that f is defined and differentiable in an open interval (a, b). 
Suppose that a < c < b and f"(c) exists. Prove that 


ący Hal Did -e-o 
Pom e-Sm c 


92. Suppose that f is defined and P. f”,--- , f "-U exist in an open interval 
(a,b). Also, suppose that a < c < b and f? (c) exists 


(a) Prove that 


f" (c) se f(x) f (c) w (x = oflo) — Zs — fc) 


zc 


(b) Show that there is a function E, (x) defined on (a, b), except possibly 
at c, such that 


fa) = 10 @- oF + Fa gem) 
(x RE f (c) + Ei (x ne 


7.3. 


313 


and lim E,(x) = 0. Find E»(x) if c = 0 and 


z^sin(l ,z40 
fe) = lé 
0 „c=0 
If f'(c) =- = Din" Hiel = 0, n is even, and f has a relative mini- 


mum at x = c, then show that f"? (c) > 0. What can be said if f has 
a relative maximum at c? What are the sufficient conditions for a rel- 


ative maximum or minimum at c when f'(c) =--- = Pin" Hiel = 0? 
What can be said if n is odd and f'(c) = — Din" Hiel = 0 but 
po) £0. 


93. Suppose that f and g are defined, have derivatives of order 1,2, --- ,n—1 


in an open interval (a,b), a < c < b, f™ (c) and g™ (c) exist and g™ (c) 4 
0. Prove that if f and g, as well as their first n — 1 derivatives are 0, 
then 


sn £2) _ £0 
OS 


Evaluate the following limits: 


94. 


96. 


98. 


100. 


101. 


x? sin + _ cos (Z cosa) 

lim z 95. lim ——— ~ 

c—0 z $0 sn z 

lim gx) 9T. lim, g(In(zj)" m 1,2,3,- 
zc a1n x 

lim o cet 99. lim ———— 

ARE l-xz+lna Marco (1 + x4)!/2 


1 x 
lim m ( LE), nspa 
t—+oo et 
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7.4 Improper Integrals 


1. Suppose that f is continuous on (—oo, oo) and g'(x) = f(x). Then define 
each of the following improper integrals: 


Chapter 8 


Infinite Series 


8.1 Sequences 


Definition 8.1.1 An infinite sequence (or sequence) is a function, say f, 
whose domain is the set of all integers greater than or equal to some integer 
m. If n is an integer greater than or equal to m and f(n) = a,, then we 
express the sequence by writing its range in any of the following ways: 


1. f(m), f(m+1), f(m+2),... 

Ze: "s guts O ios 

3. (f(n) in > m) 

4. ALT) pee 

5. Io, 

Definition 8.1.2 A sequence (a, is said to converge to a real number 


L (or has limit Z) if for each e > O there exists some positive integer M such 
that |an — L| < e whenever n > M. We write, 


lim a, = L or a, > L as n — 00. 


n— 00 


If the sequence does not converge to a finite number L, we say that it diverges. 
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Theorem 8.1.1 Suppose that c is a positive real number, Lan V, and {bn Y»... 
are convergent sequences. Then 


(i) lim (cas) = c lim an 
(ii) lim (an + bn) = lim an + lim b, 


(iii) lim (an — bn) = lim a4 — lim bn 


Nn—00 N—00 n— Oo 


(iv) lim (anbn) = lim an lim bn 


N—00 N—00 


n li noo n . . 
(v) lim (5 )- SS - , if lim bn Z 0. 


noo Vb, lim; ża On 


BEEN 


Nn—00 


(vii) lim (Ce) = 2 Tree 


N—00 


(viii) Suppose that an < bn € c, for all n > m and 


lim ap = lim c, = L. 


N—00 N—00 


Then 
lim b, = L. 


n— oo 


Proof. Suppose that (a, KT. converges to a and (5,) 7 ,,, converges to b. 


Let e; > 0 be given. Then there exist natural numbers N and M such that 
la, — a| « eif n 2 N, (1) 
lb, — b| < & ifn > M. (2) 
Part (i) Let e > 0 be given and c Z 0. Let e = Jd and n > N + M. Then 
c 
by the inequalities (1) and (2), we get 
Ica, — ca] = le] |an — al 
< Jel € 
« €. 
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This completes the proof of Part (i). 
Part (ii) Let e > 0 be given and e, = Let m > N+M. Then by the 
inequalities (1) and (2), we get 
(an + bn) — (a + b)| = |(an — a) + (bn —b)| 
€ [as —a| + [bn — b| 
< €1 € 
= €. 
This completes the proof of Part (ii). 
Part (iii) 
lim (a, — bn) = lim (a, + (—1)b,) 
= lim a, + lim [(—1)b,] (by Part (ii)) 


= lim a, + (-1) lim b, (by Part (i)) 
= a +(—1)D 
= a —D. 
€ 
Part (iv) Let e > 0 be given and €, = min | 1, —————__}. ín > N+ M, 
(iv) S ipa ol 2 


then by the inequalities (1) and (2) we have 


[an br, — ab] = |[(an — a) + a]|(b, — b) + b] — ab 
= |(an — a) (b — b) + (an — a)b + a(b, — b| 
< |an — al [bp — b| + |b| jan — al + [a] [bn — b| 
«€t + [bles + lala 
= ele + |b| + lal) 

1(1 + |b] + Jal) 


< € 
< € 


Part (v) First we assume that b > 0 and prove that 
1 1 


lini — ==. 


noo D, b 
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| 1 Se 
By taking e, = 5 b and using inequality (2) for n > M, we get 


1 1 1 
ebd => Abe 
LA 5| « 3D, 5 Ë < bn b<5 : 


1 3 2 1 2 
pese M E a 7. 
Then, for n 2 M, we get 
1 1| |b—bn 
b, — [b — nb 
1 1 
= lb, —b|-2.= 
: | b bn 
2 
< bn — b| z. (3) 


2 
Let e > 0 be given. Choose e» = min 2 T) There exists some natural 


number N such that if n > N, then 


If n 2 N+ M, then the inequalities (3) and (4) imply that 


2 
iac ct 


b, b b2 
< E 
< €. 
It follows that 
i 1 1 
im — = 
n=00 bn b 
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in, (e) = Ba, Co) im (e) 


If b < 0, then 


This completes the proof of Part (v). 


Part (vi) Since f(x) = z” is a continuous function, 


lim (an)? = (Jim 2 er. 


N—00 N—00 
Part (vii) Since f(x) = e” is a continuous function, 


lim ean = elimn—oo an — e? 
n—=00 


Part (viii) Suppose that a, € b, < c, for all n > m and 


lim ap = L= lim c, = L. 


Let e > 0 be given. Then there exists natural numbers N and M such that 


DEER SE for n > N, 
leder. z Saba" for n > M. 


If n > N + M, then n > N and n > M and, hence, 


E ES = b <5. 
It follows that 
lim 6, = L. 


N—00 


This completes the proof of this theorem. 
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8.2 Monotone Sequences 


oo 
n=m 


Definition 8.2.1 Let {t,}~ be a given sequence. Then {tn} is said 


to be 


(a) increasing if ty < tn+1 for all n > m; 


(b) decreasing if t,, +1 < for all n > m; 
(c) nondecreasing if tn <tn41 for all n > m; 
(d) nonincreasing if t, +1 < tn for all n > m; 


(e 
(f 


bounded if a < t, < b for some constants a and b and all n > m; 


oo 
n=m 


) 
) 
) 
) 
) 
) 


monotone if {tn} is increasing, decreasing, nondecreasing or nonin- 


creasing. 


(g) a Cauchy sequence if for each e > 0 there exists some M such that 
lan, — @n,| < € whenever n; > M and na > M. 


Theorem 8.2.1 (a) A monotone sequence converges to some real number if 
and only if it is a bounded sequence. 
(b) A sequence is convergent if and only if it is a Cauchy sequence. 


Proof. 

Part (a) Suppose that a, < anı € B for all n > M and some B. Let L be 
the least upper bound of the sequence {an} m. Let e > 0 be given. Then 
there exists some natural number N such that 


L—e«awy € L. 
Then for each n > N, we have 
L—e<an < an EL. 


By definition {an KT. converges to L. 

Similarly, suppose that B < any; < a, for all n > M. Let L be the 
greatest lower bound of {an > m: Then Jo, KT. converges to L. It follows 
that a bounded monotone sequence converges. Conversely, suppose that a 
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monotone sequence La, KT. converges to L. Let e = 1. Then there exists 
some natural number N such that if n > N, then 


lan — L| < e 
—e«a,—L«e 
L-e<a,<L+e. 


The set (a, : m € n € N} is bounded and the set (a, : n > N} is bounded. 
It follows that fa), is bounded. This completes the proof of Part (a) of 
the theorem. 


Part (b) First, let us suppose that (a4)7-.,, converges to L. Let e > 0 be 


€ 
given. Then — > 0 and hence there exists some natural number N such that 


for all natural numbers p > N and q > N, we have 


€ € 

la, - L|< 5 and la, - Ll <5 

la, — aql = Jos — L) + (L + a4) 
< lap — E| + ar — £j 


P IN 
2.2 


= €: 


It follows that fa, KT. is a Cauchy sequence. 

Next, we suppose that Jo, is a Cauchy sequence. Let S = (a, : m < 
n « co}. Suppose e > 0. Then there exists some natural number N such 
that for all p > 1 


€ € € 
[An +p — an| < 5? 4575 < ave < AN + 5 (1) 


It follows that S is a bounded set. If S is an infinite set, then S has some 
limit point q and some subsequence Lan, y, of {an}?_,,, that converges to 
q. Since e > 0, there exists some natural number M such that for all k > M, 
we have 


€ 
lan, — dl < 5 (2) 
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Also, for all k > N+ M, we get nj > k> N+M and 


EI = q| — |a — An, + An, — al 
< |an, — ax| + Jas, — ql 


< 5 te (by (1) and (2)) 


EUR 


It follows that the sequence (a, `. converges to q. If S is a finite set, then 
some aj is repeated infinite number of times and hence some subsequences of 
Jo, V, converges to aj. By the preceding argument (a4) ,,, also converges 
to az. This completes the proof of this theorem. 


Theorem 8.2.2 Let £f(n))j,_,, be a sequence where f is a differentiable 


function defined for all real numbers x 2m. Then the sequence {f(n)}—__, 
18 


(a) increasing if f'(x) > 0 for all x > m; 
(b) decreasing if f'(x) « 0 for all x > m; 
(c) nondecreasing if f'(x) > 0 for all x > m; 
(d) nonincreasing if f'(x) € 0 for all x > m. 


Proof. Suppose that m < a « b. Then by the Mean Value Theorem for 
derivatives, there exists some c such that a < c < b and 


Jl — Ha) , 
b —a Së f (c), 
f(b) = f(a) + Tick — a). 
The theorem follows from the above equation by considering the value of 
f'(c). In particular, for all natural numbers n > m, 


fln+1) = f(n) + fiel 
for some c such that n « c « n 4 1. 
Part (a). If f'(c) > 0, then f(n+ 1) > f(n) for all n > m. 
Part (b). If f'(c) < 0, then f(n +1) < f(n) for all n > m. 
Part (c). If f'(c) > 0, then f(n +1) > f(n) for all n > m. 


Part (d). If f'(c) € 0, then f(n+ 1) € f(n) for all n € m. 
This completes the proof of this theorem. 
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8.3 Infinite Series 


Definition 8.3.1 Let JET, be a given sequence. Let 
Sı — 0, S2 =t tlo, 83 — ly +l b i3, , de tk, 
k=1 
for all natural number n. If the sequence (s, 17 , converges to a finite number 
L, then we write 
L=titt ttit =X D 
k=1 


n 


We call Noth an infinite series and write 
k=1 


k=1 Heg k=1 


We say that L is the sum of the series and the series converges to L. If a 
series does not converge to a finite number, we say that it diverges. The 
sequence (5, is called the sequence of the nth partial sums of the series. 


Theorem 8.3.1 Suppose that a and r are real numbers and a # 0. Then 
the geometric series 


a 
EE Ee 
if |r| < 1. The geometric series diverges if |r| > 1. 
Proof. For each natural number n, let 
Sy — à Far t --- ar", 
On multiplying both sides by r, we get 
r$, = ar + ar? 4 kapo dest 
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If |r| « 1, then 


; a a : 
lim s, = —— — lim r” = . 
n—oo l-r 1-7 nw l-r 


If |r| > 1, then lim r” is not finite and so the sequence (5,5) 7. , of nth partial 


sums diverges. 
If r = 1, then s, = na and lim na is not a finite number. 


This completes the proof of the theorem. 


Theorem 8.3.2 (Divergence Test) /f the series 9 tj, converges, then lim t, = 
k=1 


0. If lim t, 4 0, then the series diverges. 


Proof. Suppose that the series converges to L. Then 


n n—1 
lim a, = lim ` ak — ` ak 
n—00 N—>00 

k=1 k=1 


n n—1 


= im, En din Sin 
k=1 k=1 

=L-L 

=0. 


The rest of the theorem follows from the preceding argument. This completes 
the proof of this theorem. 


Theorem 8.3.3 (The Integral Test) Let f be a function that is defined, 
continuous and decreasing on |1, oo) such that f(x) > 0 for all x > 1. Then 


3 f(n) and ra f(x)dx 


either both converge or both diverge. 


Proof. Suppose that f is decreasing and continuous on |1, oo), and f(x) > 0 
for all x > 1. Then for all natural numbers n, we get, 


is | fous $) 
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graph 
It follows that, 


Since f (1) is a finite number, it follows that 


3 ` D) and iz f (x)da 


k=1 


either both converge or both diverge. This completes the proof of the theo- 
rem. 


Theorem 8.3.4 Suppose that p > 0. Then the p-series 
D 
n=l ne 


converges if p > 1 and diverges if 0 < p < 1. In particular, the harmonic 
series 3 7? . + diverges. 


Proof. Suppose that p > 0. Then 


CO 1 oo 
ji — dz = i z Pda 
p 07 1 


I 
emm 
— 
E 
S 
= 
Ki 
| 
E 
NL 


oo 


It follows that the integral converges if p > 1 and diverges if p « 1. If p — 1, 
= œ. 


then 
AB] 
/ — dz=lnz 
1 T 1 


Hence, the p-series converges if p > 1 and diverges if 0 < p < 1. This 
completes the proof of this theorem. 
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Exercises 8.1 


1. Define the statement that the sequence (a4) , converges to L. 


2. Suppose the sequence (a, 7. , converges to L and the sequences (5,) 7 , 
converges to M. Then prove that 


3. Suppose that 0 < a, < an+1 < M for each natural number n. Then 
prove that 
(a) (a4). ., converges. 
(b) {—an} >; converges. 


(c) tat E. converges for each natural number k. 


| 
4. Prove that i converges to O for every real number z. 
n! 


n=l 
nl |? 

5. Prove that SS? converges to 0. 
n=l 


6. Prove that for each natural number n > 2, 


1 1 1 1 1 
Pode po <in(n) <1+i4+-+4 
(à) 3*3 s PUE 2 n-1 
1 1 1 „l | 1 ; 1 
(b) Op T 3» re nP < Jr th dt T 2p RZ NT (n = l)e for each 
p>0 
22 if and only if E dt D 
(c) 3 E converges if and only i | p converges. De- 
=1 n=1 


n 1 eo 
termine the numbers p for which (E 5) converges. 


n=l m=1 
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n 


7. Prove that > | converges if and only if |r| < 1. 
n=l 


k=0 


n 1 99 
8. Prove that P» 4 diverges. 


k=1 m=1 


n 1 9e 
9. Prove that > ag} diverges. 
= klnk - 


10. Prove that for each natural number m > 2, 


(a) ] t)dt < In(m!) < f t)dt 
(b) m(In(m) — 1) < In(m!) < (m + 1)(In(m + 1) — 1). 


m m+1 
(6) m : <m! < (my 
en 


li =- 
2 nee m € 


11. Prove that ((—1)"V7 , does not converge. 


. 1 oo 
12. Prove that RE converges to 1. 
(1/n) 


n=l 


sinn | ~ 
13. Prove that ( ) converges to zero. 


n n=l 


8.4 Series with Positive Terms 


Theorem 8.4.1 (Algebraic Properties) Suppose that Y; , ay, and Y, 4 bk 
are convergent series and c > 0. Then 


(i) S (ax + be) = 3 dk +) de 


k=1 
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(ii) Y (az — br) = Y ay — 


oo 
k=1 k=1 k=1 


oo [e ©) 
(iti) Y ca, — c ay 
k=1 k=1 


bk 


oo 


(iv) If m is any natural number, then the series 


oo oo 
y c, and > Ck 
k=1 k=m 
either both converge or both diverge. 


Proof. 
Part (i) 


k=1 Kee k=1 
- (mm. >. a) S ES > J 
k=1 k=1 
= X: dk + 9 bk 
k=1 k=1 


Part (ii) This part also follows from the preceding argument. 


Part(iii) We see that 
yk a = lim (Es a) 
k=1 Cm 


n 
eue lim ) Qj; 
N—>00 

k=1 
oo 
= e , Qk. 
k=1 
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Part (iv) We observe that 


oo m-1 oo 
` ak = ` Ak + ` Qk 
k=1 k=1 k=1 


Therefore, 


k=1 k=1 
m-1 n 
= a, + lim ) Ok 
Nn— oo 
k=1 k=m 


It follows that the series 
KS a, and > ak 
k=1 k=m 


either both converge or both diverge. This completes the proof of this theo- 
rem. 


Theorem 8.4.2 (Comparison Test) Suppose that 0 < an < bn for all natural 
numbers n 2 1. 


(a) If there exists some M such that 37; ,ay € M, for all natural numbers 
n, then X`; ay converges. If there exists no such M, then the series 
diverges. 


(b) If 35; bk converges, then dz, ak converges. 
(c) In or diverges, then dy, by, diverges. 


(d) If c, > O for all natural numbers n, and 


lim baj. 0< L<œ, 


n—00 dn 


then the series Y, ay and Y, cy, either both converge or both diverge. 
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n 


Proof. Let An = 3 ou B, = KS by, 0 < a, € b, for all natural numbers 
k=1 k=1 
n. The sequences (A17 , and (B, 17 , are strictly increasing sequence. Let 
A represent the least upper bound of (4,17 , and let B represent the least 
upper bound of {Bn}; 


Part (a) If A, < M for all natural numbers, then (4,17 , is a bounded 
and strictly increasing sequence. Then A is a finite number and {An}; 
converges to A and 


ac 
k=1 


Part (b) If y» converges, then y» = B and d < Bn < B for all 


k=1 k=1 


natural numbers n. By Part (a), 9 ax converges to A. 
k=1 


Part (c) If KS ay diverges, then the sequence (4,7 diverges. Since (A,] 7 , 
k=1 
is strictly increasing and divergent, for every M there exists some m such 


that 
M <A, < B, 


for all natural numbers n > m. It follows that (B, , diverges. 


L 
Part (d) Suppose that 0 < a, and 0 < cn, 0 < L «oo, €= 5 and 
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for all natural numbers n > m. Hence, for all n > m, we have 


If y „| diverges, then E ` ak 


k= 
and a} both diverge. 


diverges and, hence i 9 a} 


k=m n=m 


k=1 
oo 


3 n 
If Qj; converges, then iG 1) BB a) converges and, hence, 
k=1 k=1 k=m 


9 a} and D a} both converge. 
n=m n=l 


2 k=1 
This completes the Proof of Theorem 8.4.2. 


Theorem 8.4.3 (Ratio Test) Suppose that 0 < a, for every natural number 
n and 


" Un+1 
lim 


n—00 On 


Then the series A Cu ak 

(a) converges if r « 1; 

(b) diverges if r > 1; 

(c) may converge or diverge if r — 1; the test fails. 


Proof. Suppose that 0 « a, for every natural number n and 


: Un+1 
lim = 


n>00 dn 
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Let e > 0 be given. Then there exists some natural number M such that 


Eu a < €, pl EL a 
dn Un 
(r — el < Any1 < (r + e)a, (1) 


for all natural numbers n > M. 
Part (a) Suppose that 0 € r < 1 and e = (1 —r)/2. Then for each natural 
number k, we have 


k 
1 
ania < (r+ fan = ( =) NE (2) 


Hence, by (2), we get 


oo m-1 oo 
) dn = An + ) Om Ek 
n=l n=l k=0 

m-1 


^ 
ES 
3 
+ 
Ma 
Ls 
E 
N| + 
= 
Ru 
v 
ES 
3 


It follows that the series > Ou converges. 


n=l 


Part (b) Suppose that 1 < r, e = (r — 1)/2. Then by (1) we get 


Ar — 1 
An < — n < dn+1 


for all n > m. It follows that 


0 < am < lim amk ms 
k—oo n—oo 
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By the Divergence test, the series > an diverges. 


n=l 
NSE — 1 
Part (c) For both series ` — and ` SC 
n n 
n=l n=l 


. An+1 
lim —— - 1. 


n—00 dn 


— 1 — 1 
But, by the p-series test, >, — diverges and y — converges. Thus, the 
n=1 e n=l "n 
ratio test fails to test the convergence or divergence of these series when 
r=l. 


This completes the proof of Theorem 8.4.3. 


Theorem 8.4.4 (Root Test) Suppose that 0 < an for each natural number 
n and 


1/n 


lim (an) ese. 


Then the series 357 , ay 

(a) converges if r « 1; 

(b) diverges if r > 1; 

(c) may converge or diverge if r — 1; the test fails. 

Proof. Suppose that 0 < a, for each natural number n and 
1/n 


lim (an) 


N—00 


= 
Let e > 0 be given. Then there exists some natural number m such that 
(CZK -r| «€ 
perpe (a <r+e... (3) 
for all natural numbers n > m. 


1 
Part (a) Suppose r < 1 and e = WE Then, by (3), for each natural number 


n 2 m, we have 


1 L=7\" 
Gene En and an< AR 
2 2 
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it follows that 


oo m-—1 oo 
Sian = So ant So an 
n=1 n=l n=m 
m-—1 oo Dar 
«Ma ir) 
= tiry” 1 
SES ld ptm 
Xe 
« 00. 


Therefore, y ak converges. 

n=l 
Part (b) Suppose r > 1 and e = (r — 1)/2. Then, by (3), for each natural 
number n > m, we have 


It follows that lim a, # 0 and, by the Divergence test, the series 3 o 
n=l 


diverges. 


— 1 — 1 

Part (c) For each of the series >» — and ` — we have r = 1, where 
n=l n n=1 n 

o 1/n 

r= lim (ae 


N—00 


— 1 — 1 
But the series y — diverges and the series > —3 converges by the p-series 
n=l Ve n=l Vë 
test. Therefore, the test fails to determine the convergence or divergence for 
these series when r — 1. This completes the proof of Theorem 8.4.4. 
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Exercises 8.2 


1. 


10. 


11. 


Define what is meant by y ak- 
k=1 


Define what is meant by the sequence of nth partial sums of the series 


) dk. 
k=1 


Suppose that a 4 0. Prove that > ar^ converges to I „ if Ese seis 


k=0 


Prove that the series > i 


3 
converges to T 


1 
k(k +2) 


— 1 1 
Prove that Kä m converges to 
p ¡a 
k=1 


1 if p > 1 and diverges otherwise. 


n |” = n 
P that 4 —— i i i d th i l 
rove tha (> Ton ) is an increasing sequence and the series y n (> S d 


n=l n=l 
diverges. 


oo 1 
kk , 
Prove that ` (—1)"x* converges to e if |z| < 1. 


k=0 


1 
Prove that Y 175 converges to —— em z İf |x| < 1. 
k=0 


1 
Prove that EE to —— if |z| < 1. 
rove tha IE converges to 731 |z| 
k=0 
Prove that if > a, converges, then Jim à, = 0. Is the converse true? 


k=0 
Explain your answer. 


Suppose that if ` a, converges to L and Kë b, converges to M. Prove 


k=0 k=0 
that 
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(a) Y (c ay) converges to cL for each constant c. 
(b) x (ak + bk) converges to L+ M. 
(c) > (aj, — bi) converges to L — M. 


(d) KS ab, may or may not converge to LM. 
k=0 


— 1 Seq 

12. Prove that ` — converges if and only if — dt converges. Deter- 
TE kp 1 te 
mine the values of p for which the series converges. 


13. Suppose that f(x) is continuous and decreasing on the interval [a, +00). 


Let aj = f(k) for each natural number k. Then the series 9 aj CON- 
k=1 


verges if and only if T f(x)dx converges. 


14. Suppose that 0 < aj < or for each natural number k, and s, = 9 Qj. 


k=1 
oo 


Prove that if s, < M for some M and all natural numbers n, then ` ak 
k=1 


converges. 
15. Suppose that 0 < az < by for each natural number k. Prove that 


oo oo 
(a) if ` b, converges, then ` a; converges. 
k=1 k=1 


(b) if ` a, diverges, then KS by diverges. 


k=1 k=1 


(c) if Jim a # 0, then > a, diverges. 
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(d) if jim ay, = 0, then 9 a, may or may not converge. 
VASE k=1 


16. Suppose that 0 < az for each natural number k. Prove that if Jim (ax+1/ax) < 


[e ©) 
1, then ` ak converges. 
k=1 


17. Suppose that 0 < ay for each natural number k. Prove that if lim (ay +1/ax) > 


1, then 9 aj diverges. 


k=1 


18. Suppose that 0 < ay for each natural number k. Prove that if Jim (ax+1/ax) = 
1, then y ak May or may not converge. 
k=1 


19. Suppose that 0 < az and 0 < by for each natural number k. Prove. that 
if 0 < Jim n (az /bx) < oo, then $ aj converges if and only if $ bk 


k=1 k=1 
converges. 


20. Suppose that 0 < ay for each natural number k. Prove that if Jim (ap) E < 


oo 
1, then > ak converges. 
k=1 


21. Suppose that 0 < a, for each natural number k. Prove that if Jim (Mates 


1, then y a, diverges. 


k=1 


22. Suppose that 0 < a, for each natural number k. Prove that if lim (ap)! = 


k—oo 
1, then p» ak may or may not converge. 
k=1 
23. A series 9 ax, is said to converge absolutely if 9 |ay| converges. Sup- 
k=1 k=1 


pose that Jim lax+1/0a%] = p. Prove that 
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(a) ` aj converges absolutely if p < 1. 
k=1 


(b) y aj does not converge absolutely if p > 1. 
k=1 

(c) 9 a; may or may not converge absolutely if p = 1. 
k=1 


24. A series 9 a is said to converge absolutely if 9 laz | converges. Sup- 
k=1 k=1 
pose that Jim (Jaz))/* =p. Prove that 


(a) y aj converges absolutely if p < 1. 
k=l 

(b) y aj, does not converge absolutely if p > 1. 
k=1 


(c) 9 a, may or may not converge absolutely if p = 1. 


k=1 
25. Prove that if 9 a, converges absolutely, then it converges. Is the 
k=1 


converse true? Justify your answer. 


Gk 


26. Suppose that az 4 0, by 4 O for any natural number k and Jim > 
k 


—00 


Prove that if 0 < p < 1, then the series y a, converges absolutely if 


k=1 
oo 


and only if 9 by converges absolutely. 
k=1 


27. A series Kä ax is said to converge conditionally if > ag converges but 
k=1 k=1 
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yr 


oo oo 
> laz] diverges. Determine whether the series ` converges 


k=1 n=1 
conditionally or absolutely. 


28. Suppose that 0 < ay and laz y1| < |az| for every natural number k. Prove 


that if um ay = 0, then the series 2 and Du are 
both convergent. Furthermore, show that if s denotes the sum of the 


series, then s is between the nth partial sum s, and the (n 4- 1)st partial 
sum $441 for each natural number n. 


29. Determine whether the series Ni converges absolutely or condi- 
n=1 


tionally. 


mh 


30. Determine whether the series 3c 2s converges absolutely or con- 
n 


n=l 


ditionally. 


In problems 31-62, test the given series for convergence, conditional conver- 
gence or absolute convergence. 


= an! = pacz” 
31. Y (-1) A 32. Y (-1) Ta 
n=l pel 3 


33. "c DI 34. 5 ER 


- (1) cw les 
35. pa n3/2 36. > n1/2 


9o —1)” 99 —1yn+l 
37. y L) ep 38. DE ) l<p 


39. St 40. Y (199 (spur 
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A]. 


43. 


45. 


AT. 


49. 


51. 


53. 


55. 


9T. 


59. 


61. 


< n+1 (n ye 


> CAT 
> CU QD us 


2n3 
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42. 


44. 


46. 


48. 


50. 


52. 


54. 


56. 


58. 


62. 
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oo 


63. Suppose that 0 < ay for each natural number k and ` a; converges. 
k=1 


Prove that b» a; converges for every p > 1. 
k=1 


64. Suppose that 0 < a; for each natural number k and Kä aj diverges. 
k=1 


Prove that 9 aL for0<p< 1. 
k=1 


65. Suppose that 0 < r < 1 and |ak+41/ak| < r for all k > N. Prove that 


SR ot converges absolutely. 
k=1 
66. Prove that yer converges absolutely if 0 < a < b. 
3+0” 


k=1 


8.5 Alternating Series 


Definition 8.5.1 Suppose that for each natural number n, b,, is positive or 
negative. Then the series $77. , by is said to converge 


(a) absolutely if the series $77 , |by| converges; 


(b) conditionally if the series $77. , by converges but » 77. , [by | diverges. 


Theorem 8.5.1 If a series converges absolutely, then it converges. 


oo 


Proof. Suppose that ` |by| converges. For each natural number k, let 


k=1 
ax = by + [bx] and cy = 2|by|. Then 0 € az < cp for each k. Since 


D oc Sex loa, 
k=1 k=1 k=1 
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oo oo 
the series > c, converges. by the comparison test ` ay, also converges. It 
k=1 k=0 


follows that 


X be => (ax — |bil) 
k=1 k=1 
e EN 
k=1 k=1 
and the series 9 bę converges. This completes the proof of the theorem. 
k=1 


Definition 8.5.2 Suppose that for each natural number n, a, > 0. Then an 
alternating series is a series that has one of the following two forms: 


n 


(a) ai — az + dyes eese = Y a 
hel 

(b) —ar + az — a + **-+(—1)"a, +: = » 
= 


Theorem 8.5.2 Suppose that 0 < anı < an for all natural numbers m, and 
lim a, — 0. Then 


(a) > EM and S a, both converge. 
n=l n=l 

(b) 2:69) s = 3 (=1)" a, <Gn41, for all n; 
k=1 k=1 

(c) 3 Daz = 3 C < Out, or all n. 
k=1 k=1 
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Part (a) For each natural number n, let s, = 30a. Then, 


k=1 
2n+2 2n 

$2442 — Sin = Y (—1) "ap — 3 Das, 
k=1 k=1 


n= (-1) "PP doza sk (T) goni 


= dan+1 — d2n+2 > 0. 


Therefore, 52443 > 55, and (san), is an increasing sequence. Similarly, 


|| 9. || 


S2n+3 — $2n41 = (— d2n+3 — = don+1 = don+3 — Q2n41 < 0. 


Therefore, S2n+3 < $2441 and {Santi Fo is a decreasing sequence. Further- 
more, 


$2954 = 041 — 2 + Q3 — a4 oo + (—1) da 
= ay — (as = a3) = (a4 = ds) NEP E (49.2 = gäe Al — dan < Q4. 


Thus, Jas", is an increasing sequence which is bounded above by as. 
Therefore, isle converges to some number s < aj. Then 


lim Sons, = lim sy + lim aan 
N—>00 


= lim $2n 

=s. 
It follows that 

lim $,— s 
and the series » cnra, converges to s and the series ) ca, con- 
n=l n=l 
verges to —s. 
Part (b) In the proof of Part (a) we showed that 
Son < S < S2n41 X S2n-1::- (1) 


for each natural number n. It follows that 


Ó < S — Syn < S2n41 — San = Q2n41 
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and : 
(Das, — (Da < 02n+1- 
k=1 k=1 

Similarly, 


San — S2n—1 < 8 — S2n-1 
S2n—1 — $2n > S2n-1— 8 


S — 82n_1 X S2n-1 — Bän = Aan 


oo 2n—1 
M (Da — Kä Mas" < don. 
k=1 k=1 
It follows that for all natural numbers n, 
3 Lila, - M (1) al < ana. 
k=1 k=1 


n 


Y (Dar - 5 Das 


Part (c) 


oo n 
< 02n+1- 
k= 


= ) IP as SZW 


1 k=1 


This concludes the proof of this theorem. 


Theorem 8.5.3 Consider a series 35,7. , ax. Let 


=L, lim la, Y” =M 


(a) If L <1, then the series 35; , ax converges absolutely. 
(b) If L > 1, then the series X`; ay, does not converge absolutely. 


(c) If M <1, then the series Y y, ay converges absolutely. 
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(d) If M > 1, then the series 377. , ay does not converge absolutely. 


(e) If L — 1 or M = 1, then the series Moe. ay may or may not converge 
absolutely. 


Proof. Suppose that for a series y Qj, 


k=1 
a 
lim | |=L and lim la, |" = M. 
n—oo dn n— o0 
oo 
Part (a) If L « 1, then the series y laz | converges to the ratio test, since 
k=1 
a a 
eege E nom cep 
nN—00 lan n—>00 | An 
oo 
Hence, the series y a] converges absolutely. 
k=1 


Part (b) As in Part (a), the series Kë laz] diverges by the ratio test if L > 1, 


| k=1 

since | | 
: An+1 : dn+1 
lim ——- = lim |——— L» 1. 
N—00 lan 7,00 dn 


Part (c) If M < 1, then the series Kä laz] converges by the root test, since 
k=1 
lim la, |” =M < 1. 


Part (d) If M > 1, then the series y laz] diverges by the root test as in 


k=1 
Part (c). 

| oo oo 1 oo 
Part (e) For the series > i and > E L= M =], but > — diverges 


k2 


determine convergence or divergence. 


— 1 
and 9 — converges by the p-series test. Thus, L = 1 and M = 1 fail to 
k=1 
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This completes the proof of Theorem 8.5.3. 


Exercises 8.3 Determine the region of convergence of the following series. 


= > C 72. 2 cure ur 

73. > CE z > arte ay 

75. Ny A > Sc 

" Mew n EE 
"MW Pc 

m y e = D" 82. 3 CE 
pope A 

87. > ESRO Cu oa > In(n + E qe 

w GR 00. EON. 


8.6. POWER SERIES 347 


8.6 Power Series 


Definition 8.6.1 If oo, oz... is a sequence of real numbers, then the 
series 3^7 , apq" is called a power series in x. A positive number r is called 
the radius of convergence and the interval (—r,r) is called the interval of 
convergence of the power series if the power series converges absolutely for 
all x in (—r, r) and diverges for all x such that |x| > r. The end point z = r is 
included in the interval of convergence if Y >, apr! converges. The end point 
x = ~r is included in the interval of convergence if the series X% (—1)*agr* 
converges. If the power series converges only for z = 0, then the radius of 
convergence is defined to be zero. If the power series converges absolutely 
for all real x, then the radius of convergence is defined to be oo. 


Theorem 8.6.1 /f the series yan converges for x = r # 0, then the 


n=l 
oo 
series Meu converges absolutely for all numbers x such that |z| < |r]. 
n=0 


Proof. Suppose that 9 Cnr” converges. Then, by the Divergence Test, 


n=0 


lim cpr” = Q. 


Les deal 


For e = 1, there exists some natural number m such that for all n > m, 
Ier eee T. 


Let 
M = max(|c,r"| -1:1€n € m]. 


Then, for each x such that |x| < |r|, we get |r/r| < 1 and 


oo oo T ñ 
Y lent"! Yen [E] 
n=0 n=0 T 


Że 
n=0 


M 
Ves 
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By the comparison test the series y |c,x"| converges for z such that |z| < 


n=0 


|r|. This completes the proof of Theorem 8.6.1. 


Theorem 8.6.2 If the series > ae — a)” converges for some x — a = 


n=0 


r #0, then the series ye ae — a)" converges absolutely for all x such that 


n=0 
Lo — al < |r]. 
Proof. Let x—a = u. Suppose that >D Cnu” converges for some u = r. Then 
n=0 


by Theorem 8.6.1, the series DE Cnu” converges absolutely for all u such that 


n=0 
oo 


|u| < |r|. It follows that the series 9 c, (x — a)” converges absolutely for all 


n=0 
x such that |x — a| < |r|. This completes the proof of the theorem. 


Theorem 8.6.3 Let DECA be any power series. Then exactly one of the 


n=0 
following three cases is true. 


(i) The series converges only for z = 0. 
(u) The series converges for all z. 


(iii) There exists a number R such that the series converges for all x with 
|x| < R and diverges for all x with |x| > R. 


Proof. Suppose that cases (i) and (ii) are false. Then there exist two 


nonzero numbers p and q such that > Cnp” converges and SS Cnq” diverges. 
n=0 n 


=0 
By Theorem 8.6.1, the series converges absolutely for all x such that |x| < |p]. 
Let 


A={p: Kä Co converges}. 


n=0 
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The set A is bounded from above by q. Hence A has a least upper bound, say 
R. Clearly |p| € R < q and hence R is a positive real number. Furthermore, 


9 Cn 1” converges for all x such that |x| < R and diverges for all x such that 


n=0 
|z| > R. We define R to be 0 for case (i) and R to be oo for case (ii). This 
completes the proof of Theorem 8.6.3. 


Theorem 8.6.4 Let Sal — a)” be any power series. Then exactly one 


n=0 
of the following three cases is true: 


(1) The series converges only for x = a and the radius of convergence is 0. 
(u) The series converges for all x and the radius of convergence is oo. 


(i) There exists a number R such that the series converges for all x such 
that |x — a| < R and diverges for all x such that |x — al > R. 


Proof. Let u = x — a and use Theorem 8.6.3 on the series DAE The 


n=0 
details of the proof are left as an exercise. 


Theorem 8.6.5 If R > 0 and the series KS chr” converges for |x| < R, then 


n=0 


oo oo 

the series y nc,x" |, obtained by term-by-term differentiation of y Qu. 
n=l n=0 

converges absolutely for |x| < R. 

Proof. For each x such that |x| < R, choose a number r such that |x| < r < 
oo 


R. Then SS czt” converges, lim cnr” = 0 and hence Ter" is bounded. 
n=0 
There exists some M such that |c,r"| A for each natural number n. Then 


oo 
1 q ¡nl 
Kä Ine, "| = 3 naler" ae l= 
n=l n=l E d 
oo 
-1 
ll 
r r 
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n—1 


= x 
The series ` n E converges by the ratio test, since A < 1. It follows 
r r 
n=l 


that b» i converges absolutely for all x such that |x| < R. This 
=1 


completes the proof of this theorem. 


Theorem 8.6.6 If R > 0 and the series yaon — a)” converges for all x 


n=0 
oo 


such that |x —a| « R, then the series > Cn(x—a)” may be differentiated with 


n=0 
respect to x any number of times and each of the differential series converges 
for all x such that |x — a] < R. 


Proof. Let u — r—a. Then ps Cnu” converges for all u such that |u| < R. By 


n=0 
Theorem 8.6.5, the series > nou converges for all u such that |u| < R. 


n=l 
This term-by-term differentiation process may be repeated any number of 
times without changing the radius of convergence. This completes the proof 
of this theorem. 


Theorem 8.6.7 Suppose that R > 0 and f(x) = > >o Cnt” and R is radius 
of convergence of the series 37 y cuz". Then f(x) is continuous for all x 
such that |v| « R. 


Proof. For each number c such that —R « c « R, we have 
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for some a, between c and z, for each natural number n, by the Mean Value 


Theorem. By Theorem 8.6.6, the series Son Ica, |"! converges. Hence, 


n=l 


lim tel — fiel = lim |æ — c| L -d*n zu 


n=l 


Hence, f(x) is continuous at each number c such that -R<c< R. This 
completes the proof of this theorem. 


Theorem 8.6.8 Suppose that R > 0, f(x) = RE and R is the radius 


n=0 
oo 
of convergence of the series SS chi”. For each x such that |x| < R, we define 
n=0 


F(x) = / "mer 


Then, for each x such that |x| < R, we get 
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Proof. Suppose that |x| < |r| « R. Then 


= lim 


N—00 


lim 


mM—00 


| 1o t)dt — GH t 
= in |f um -Sarha 
i PRZE 


< A> EEN | dt 
DES n=m+1 

< ip lenr” U dt 
Geen n=m+1 


A 
B 


^ 
B 


oo 


since > Ic,r"| converges. 


n=0 
It follows that 


This completes the proof of the this theorem. 


Theorem 8.6.9 Suppose that f(x AS for all |x| < R, where R > 0 


n=0 
oo 


is the radius of convergence of the series »3 chi”. Then f(x) has continuous 
n=0 
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derivatives of all orders for |v| « R that are obtained by successive term-by- 
oo 


term differentiations of ` ea, 


n=0 


Proof. For each |x| < R, we define 
g(x) = nea 
n=l 


Then, by Theorem 8.6.5, R is the radius of convergence of the series Kë né gt 


n=l 
By Theorem 8.6.7, g(x) is continuous. Hence, 


Co + no = Cp + > Ga? = f(x). 
0 n=l 


By the fundamental theorem of calculus, f'(r) = g(x). This completes the 
proof of this theorem. 


Definition 8.6.2 The radius of convergence of the power series 


oo 
` our — a)" 
k=1 

is 

(a) zero, if the series converges only for z = a; 


(b) r, if the series converges absolutely for all x such that |x — a| < r and 
diverges for all x such that Ir — a] > r. 


(c) oo, if the series converges absolutely for all real number z. 


If the radius of convergence of the power series in (z — a) is r, 0 < r < oo, 
then the interval of convergence of the series is (a — r,a +r). The end points 
=a+rorz=a-—r are included in the interval of convergence if the 
corresponding series Ya apr? or Na (ID) Pagrt converges, respectively. If 
r = oo, then the interval of convergence is (—oo, 00). 
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Exercises 8.4 In problem 1-12, determine the Taylor series expansion for 
each function f about the given value of a. 


1. Wu) eset a=0 2. f(x) = cos(3x), a =0 
3. f(£)=ln(x), a= | 4. fla)=(1+x)? a=0 
5. f(v)=(1+2)%?,a= 6. f(z) =e", a=2 


9. fu) =smzx, a = 


11. fo) = sin (2-5) a=0 12. f) = cos (2 - 5) a co 


n _ „ik 
In problems 13-20, determine 9 f P (a) Sasi. 
=, k! 
13. false a=0,n=3 14. Ma = te oS ed 
1 
15. Hu)  1—34: 47 0n-2 16. He] e arctàn mo = 0,0 9:9 
— 


17. Pale cos3z,a = 0,n = 4 18. f(x)= aros, d =0,n =3 


19. f(x)=tangz,a =0,n=3 20. f(x)=(1+r)2,a=0,n=5 


8.7 Taylor Polynomials and Series 


Theorem 8.7.1 (Taylor's Theorem) Suppose that f,f',-.. , f^*? are all 
continuous for all x such that |x — a| < R. Then there exists some c between 
a and x such that 

f(x) = Pale) + Rn(@) 


where 
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The polynomial P,(x) is called the nth degree Taylor polynomial approxima- 
tion of f. The term R,(x) is called the Lagrange form of the remainder. 


Proof. We define a function g of a variable z such that 


F(2)z- 2) f'(z-zy ` 


tal = Ut) - t - £96 ` 
Drais pt an 
ni "Dellt en 
Then ccu 
gía) = ffa) - ien + Rao} =0, 
and 


g(a) = f(x) — f(x) =0. 
By the Mean Value Theorem for derivatives there exists some c between a 
and z such that g'(c) =0. But 


jt) - -re)- ftoi otra SZ | - 
felze zt genos) (n + 1)(x — 2)” 
A tme ar], „trac 
g(c)=0= — pong B=" + R,,(z) e A 
Therefore, 
dedu ad (UN ries Cial 
Aal" ntl ml SUD (n +1)! 


as required. This completes the proof of this theorem. 


Theorem 8.7.2 (Binomial Series) If m is a real number and |x| < 1, then 


(14 2)" —1 y PARRA z^ 
=1+ maz + ARE g 4 NE a? 


2! 3! 
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This series is called the binomial series. If we use the notation 


a re 


then o is called the binomial coefficient and 


If m is a natural number, then we get the binomial expansion 


(1417 21-4 9 GR 
k=1 
Proof. Let f(x) = (1 4- z)”. Then for all natural numbers n, 


f(x) =m(1+ za Fx) =m(m — 1)(1 + a SE, 


O DRO WE W i, QD 


n! 


where D = 1 and (s = m(m — 1)---(m — n + 1) is called the nth 
n 


binomial coefficient. By the ratio test we get 


li mim — II. (m — n)" n! 
im : 
n—oo (n +1)! mim — 1) ---(m—n + 1)z^ 
= |x| | lim =) 
noo \n+1 
o m] 
= [z] du 142 
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and, hence, the series converges for |x| < 1. 
This completes the proof of the theorem. 


Theorem 8.7.3 The following power series expansions of functions are valid. 


1 (1-2)! =14+) zf and (192) '=1+) (-1)*a*, [2] < 1. 


k=1 k=1 
x z p m < k 
2 ait et =1+) (-1) jo |] «oo 
k=1 k=1 
> Qo rH 
3. sing= X (—1) DM etre.<) 
! 
um (2k 4- 1) 
4. COST = 3 (y GR) |z| < oo 
k=0 
> m " 
5. sinha = x| < oo 
1 H 
— (2k+ 1) 
ES 
6. coshx = |z| < oo 
1? 
=. Ah) 
7. In(1+x) Y A dre] 
n pem — cbe el 
= k+1 
1 ltr ae 
A uud = SSA R 
2 n (122) tz S 
oo pu 
9 t = —1 y =1<x<l 
arctan x 2 ) SSC x 


Ge —1/2 2k+1 
10. arcsin x = ` ( / Je» S ZAM 


k=0 


358 CHAPTER 8. INFINITE SERIES 


Proof. 
Part 1. By the geometric series expansion, for all |z| < 1, we have 


1 = 1 1 = 
=1 k d = =14 —1)F ek. 
— E 3. TE Ng 1 — (-2) 2 ES 


Part 2. If f(x) = e”, then f(x) = e” and f(?(0) = 1 for each n = 
0,1,2,---. Thus 


By the ratio test the series converges fo all x. 


n! 


lim | ——— - 
So (n+1)! z^ 


N—00 


= l —0 
SRL So 


Part 3. Let f(x) = sing. Then f'(x) = cosz, f"(x) = —sinz, f(x) = 
— cosg and f(x) = sing. It follows that, for each n = 0,1,2,3,---, we 
have 


f" (0) = 0, f0) =1, fe? (0) —( and PERS) == 


Hence, 


qn 


nx) 


i 


2 

By the ratio test, the series converges for all |x| < oo: 
x713 (2n + 1)! 

(2n + 3)! q2n+1 


= 2? lim : 
| noce (2n +3)(2n + 2) 


lim can" 


N—00 


= 0: 
Part 4. By term-by-term differentiation we get 


9e 2n 
cos T = (sinz)' = ) (—1)* Gu |z| < œ. 
n)! 


n=0 
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Part 5. For all |x| < oo, we get 


Part 6. By differentiating term-by-term, we get 


qn 


(2n)! 


cosh x = (sinh z) = 9 vk ëlo, 


n=0 
Part 7. For each |x| < 1, by performing term by integration, we get 


Woś 
In(1 = d 
n(1 + z) / E 


n=0 


Part 8. By Part 7, for all |x| < 1, we get 


zn (155) =: O E y 
A 99 "=" qn 8 Ge " (—x)rtt 
TD df ) n+1 df ) n+1 
AE are 
8 2k+1 


360 CHAPTER 8. INFINITE SERIES 


Part 9. For each |x| € 1, we perform term-by-term integration to get 


so A 
arctan z = f — dr 
0 1 + q? 


oe 2k+1 
k T 


=, (2k + 1) 
Part 10. By performing term-by-term integration of the binomial series, we 
get 


LCP) ag 


This series converges for all |x| € 1. 
This completes the proof of this theorem. 


8.8 Applications 


Chapter 9 


Analytic Geometry and Polar 
Coordinates 


A double right-circular cone is obtained by rotating a line about a fixed axis 
such that the line intersects the axis and makes the same angle with the 
axis. The intersection point of the line and the axis is called a vertex. A 
conic section is the intersection of a plane and the double cone. Some of 
the important conic sections are the following: parabola, circle, ellipse and a 
hyperbola. 


9.1 Parabola 


Definition 9.1.1 A parabola is the set of all points in the plane that are 
equidistant from a given point, called the focus, and a given line called the 
directrix. A line that passes through the focus and is perpendicular to the 
directrix is called the axis of the parabola. The intersection of the axis with 
the parabola is called the vertex. 


Theorem 9.1.1 Suppose that v(h, k) is the vertex and the line x = h — p is 
the directriz of a parabola. Then the focus is F(h + p, k) and the axis is the 
horizontal line with equation y — k. The equation of the parabola is 


(y — k)? = 4p(z — h). 
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Theorem 9.1.2 Suppose that v(h, k) is the vertex and the line y — k — p is 
the directrix of a parabola. Then the focus is F(h, k + p) and the axis is the 
vertical line with equation x = h. The equation of the parabola is 


(z — h)? = 4p(y — EL 


9.2 Ellipse 


Definition 9.2.1 An ellipse is the locus of all points, the sum of whose 
distances from two fixed points, called foci, is a fixed positive constant that 
is greater than the distance between the foci. The midpoint of the line 
segment joining the two foci is called the center. The line segment through 
the foci and with end points on the ellipse is called the major axis. The 
line segment, through the center, that has end points on the ellipse and is 
perpendicular to the major axis is called the minor axis. The intersections 
of the major and minor axes with the ellipse are called the vertices. 


Theorem 9.2.1 Let an ellipse have center at (h, k), foci at (h +c, k), ends 
of the major axis at (h +a, k) and ends of the minor axis at (h,k +b), where 
a0, b 0, c» 0 and a? =b? + c. Then the equation of the ellipse is 


Le (y 


I 
a? b2 


1. 


The length of the major axis is 2a and the length of the minor axis is 2b. 


Theorem 9.2.2 Let an ellipse have center at (h, k), foci at (h,k +c), ends 
of the major axis at (h,k Ea), and the ends of the minor axis at (h +b, k), 
where o zU. b 0, c» 0 and a? =b? +c. Then the equation of the ellipse 
15 
(y—k)? | G-A 
az b2 


The length of the major axis is 2a and the length of the minor axis is 2b. 


= 1. 


Remark 24 If c = 0, then a = b, foci coincide with the center and the 
ellipse reduces to a circle. 
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9.3 Hyperbola 


Definition 9.3.1 A hyperbola is the locus of all points, the difference of 
whose distances from two fixed points, called foci, is a fixed positive constant 
that is less than the distance between the foci. The mid point of the line 
segment joining the two foci is called the center. The line segment, through 
the foci, and with end points on the hyperbola is called the major axis. The 
end points of the major axis are called the vertices. 


Theorem 9.3.1 Let a hyperbola have center at (h,k), foci at (h + c, k), 
vertices at (h X: a, k), where 0 < a < c, b= vc? — a?, then the equation of 
the hyperbola is 

(Lay (y—-ky _ 


2 m 1. 


Theorem 9.3.2 Let a hyperbola have center at (h,k), foci at (h,k +c), 
vertices at (h,k Ea), where 0 < a < c, b= vc? — a?, then the equation of 
the hyperbola is 

(y-k)  (sz-hy 


a? b2 


ed. 


9.4  Second-Degree Equations 


Definition 9.4.1 The transformations 


x = x' cos 0 — y sind 
y = z' sin + y cos0 


and 
x' = rcos0 + ysin 
y = —xsind + y cos 0 


are called rotations. The point P(x,y) has coordinates (z', y") in an x'y- 
coordinate system obtained by rotating the zy-coordinate system by an angle 
0. 


Theorem 9.4.1 Consider the equation ax? + bzy + cy? + dz +ey + f = 
0, b #0. Let cot20 = (a — c)/b and x'y'-coordinate system be obtained 
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through rotating the xy-coordinate system through the angle 0. Then the 
given second degree equation 


becomes 


where 


a = acos? 0 + bcos0 sin 0 + csin? 0 

c' = asin? 0 — bsin6 cos0 + c cos? 0 

d = dcos0 + esin 0 

e = —dsinÓ + e cos 0 

F=f 
Furthermore, the given second degree equation represents 
(i) an ellipse, a circle, a point or no graph if b? — 4ac < 0; 
(ii) a hyperbolic or a pair of intersecting lines if b? — 4ac > 0; 


(iii) a parabola, a line, a pair of parallel lines, or else no graph if b? — Aac = 0. 


9.5 Polar Coordinates 


Definition 9.5.1 Each point P(x,y) in the xy-coordinate plane is assigned 
the polar coordinates (r, 0) that satisfy the following relations: 


£r? +Y =r’, y— rcos0, y=rsin0. 


The origin is called the pole and the positive x-axis is called the polar axis. 
The number r is called the radial coordinate and the angle 0 is called the 
angular coordinates. The polar coordinates of a point are not unique as the 
rectangular coordinates are. In particular, 


(r,0) = (r,0 + 2nz) = (—r,0 + (2m + 1)x) 


where n and m are any integers. There does exist a unique polar represen- 
tation (r,0) if r > 0 and 0 € 0 « 2r. 
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9.6 Graphs in Polar Coordinates 

Theorem 9.6.1 A curve in polar coordinates is symmetric about the 
(a) x-axis if (r, 9) and (r, —0) both lie on the curve; 

(b) y-axis if (r, 9) and (r,r — 0) both lie on the curve; 


(c) origin if (r,0), (r,0 +T) and (—r,0) all lie on the curve. 


Theorem 9.6.2 Let e be a positive number. Let a fixed point F be called the 
focus and a fixed line, not passing through the focus, be called a directrix. If 
P is a point in the plane, let PF stand for the distance between P and the 
focus F and let PD stand for the distance between P and the directrix. Then 
the locus of all points P such that PF = ePD is a conic section representing 


(a) an ellipse if0<e< 1; 
(b) a parabola if e = 1; 
(c) a hyperbola if e > 1; 


The number e is called the eccentricity of the conic. 
In particular an equation of the form 


ek 


„> l+ecosó 


represents a conic with eccentricity e, a focus at the pole (origin), and a 
directrix perpendicular to the polar axis and k units to the right of the pole, 
in the case of + sign, and k units to the left of the pole, in the case of — 
sign. 

Also, an equation of the form 


ek 


SS l+esin0 


represents a conic with eccentricity e, a focus at the pole, and a directrix 
parallel to the polar axis and k units above the pole, in the case of + sign, 
and k units below the pole, in the case of — sign. 
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9.7 Areas in Polar Coordinates 


Theorem 9.7.1 Letr — f(0) be a curve in polar coordinates such that f is 
continuous and nonnegative for alla X 0 < B where a < B € 21 +a. Then 
the area A bounded by the curves r = f(0), 0 = a and 0 = B is given by 


A jA > rd = > Toon 


Theorem 9.7.2 Let r — f(0) be a curve in polar coordinates such that f 
and f' are continuous for a < 0 < B, and there is no overlapping, the arc 
length L of the curve from 0 = a to 0 = PB is given by 


0)? + (4'(6))? d6 
B j dry” 
= L+ (a) 
9.8 Parametric Equations 


Definition 9.8.1 A parametrized curve C in the zy-plane has the form 


C= {(z,y): £ = f(t), y = gt), t E I} 


for some interval /, finite or infinite. 
The functions f and g are called the coordinate functions and the variable 
t is called the parameter. 


Theorem 9.8.1 Suppose that x = f(t) ,y = g(t) are the parametric equa- 
tions of a curve C. If f'(t) and g'(t) both exist and f'(t) 4 0, then 


dy g(t) 
dz ft) 
Also, if f"(t) and g"(t) exist, then 
d'y  f(g)g'(t) — ge) ft) 
da? (P (p | 
At a point Pat f (to), g(to)), the equation of 
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(a) the tangent line is 


8 . g'(to) a 
(b) the normal line is 
8 _ _ fto) RE 


provided g (to) 40 and f'(to) 4 0. 


Theorem 9.8.2 Let C = ((z,y) : x = f(t), y = g(t),a < t < b} where f'(t) 
and g'(t) are continuous on [a,b]. Then the arc length L of C is given by 


= f (FO? +0) ra 


MONOS 


Theorem 9.8.3 Let C = ((x,y) : x = f(t),y = g(t), a € t € b}, where f'(t) 
and g'(t) are continuous on |a, b]. 


(a) If C lies in the upper half plane or the lower half plane and there is no 
overlapping, then the surface area generated by revolving C around the 
x-axis is given by 


d 2x9 (t) VF)? + GOF dt. 


(b) If 0 < f(t) on [a,b], (or f(t) < 0 on Jo, NI and there is no overlapping, 
then the surface area generated by revolving C around the y-axis is 


d ont (D UD) + ( (7 dt. 


a 
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Definition 9.8.2 Let C = 4(z(t),y(t)) : a € t € b} for some interval T. 
Suppose that z'(t), y'(t), z" (t) and y"(t) are continuous on T. 


(a) The arc length s(t) is defined by 


s(t) = f (O + (adt. 


(b) The angle of inclination, ¢, of the tangent line to the curve C is defined 


by 
o(t) = arctan Ga = arctan (2) | 


(c) The curvature k(t), read kappa of t, is defined by 


do| bi) — ya") 
dei — Welt + (y ()?]P ` 


(d) The radius of curvature, R, is defined by 


